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Abstract
The hydrodynamic instability which results from large density variations between the fresh mixture and
the hot combustion products was discovered by Darrieus and Landau over seventy years ago, and has been
named after its inventors. The instability, which prevents flames from being too flat, was thought to lead
immediately to turbulent flames. Recent studies, initiated by weakly nonlinear analyses and extended by
two-dimensional simulations suggest that this is not the case. It was established that the flame, beyond
the onset of instability develops into a cusp-like structure pointing towards the burned gas region that
propagates at a speed substantially large than the laminar flame speed. In this work, we present for the
first time a systematic study of the bifurcation phenomena in the more realistic three-dimensional flow and
extend this analysis to homogeneous isotropic turbulent flows. The computations are carried out within
the context of the hydrodynamic theory where the flame is treated as a surface of density discontinuity
separating burned gas from the fresh mixture, and propagates at a speed that depends on the local curvature
and hydrodynamic strain rate. The asymptotic model derived from first principles exploits the multi-scale
nature of the problem, specifically the difference between the flame thickness representing the diffusion length
scale and the hydrodynamic length which is characteristic of the dimensions of the domain. The dependence
of the local stretch rate experienced by the flame - a measure of the local flame surface curvature and the
strain rate, is modulated by the Markstein length, which mimics effects of reaction and diffusion occurring
inside the flame. This parameter is of the order of the flame thickness and for an experimental setting
can be changed by varying the fuel type or its equivalence ratio or the ambient system pressure. A low
Mach-number Navier-Stokes solver modified by an appropriate source term is used to determine the flow
field that results from the gas expansion and the flame is tracked using a level-set methodology with a surface
parameterization method employed to accurately capture the local velocity and stretch rate.
Under laminar flow conditions, the hybrid numerical scheme is shown to recover the known exact solu-
tions predicted in the weak gas expansion limit and corroborates the bifurcation results from linear stability
analysis. The new conformations that evolve beyond the instability threshold have a sharp crest pointing
towards the burned gas with ridges along the troughs, and propagate nearly 40% faster than planar flames.
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Indeed, the appearance of sharp folds and creases, which are some manifestations of the Darrieus-Landau
instability, have been observed on the surface of premixed flames in various laminar and turbulent settings.
The understanding from laminar flames is extended to practical three-dimensional homogeneous isotropic
turbulent flows, to study premixed flame propagation, with an aim of providing a deeper insight into the
mechanisms governing flame-turbulence interactions. The impact of the Darrieus-Landau instability on the
topology of the flame surface is studied and it is shown that similar to passive interfaces, the complex confor-
mations formed on the flame surface due to turbulence are locally not spherical in shape, rather cylindrical,
similar to shapes resulting from two-dimensional unsteady flame-vortex interactions, which can be thought
as simplifications of three-dimensional problems. Furthermore, probability distribution functions of flame
surface curvature, strain and mean flame position show that the presence of the Darrieus-Landau instability
can have visibly different effects on the topology of the flame. The presence of a flame is also observed to
create significant anisotropy in the burned gas in terms of restructuring the intense vortical structures, which
weakens as the turbulence intensity increases. The changes in density across the flame are also responsible
for vorticity destruction and generation in terms of dilatation, vortex stretching and baroclinic torque. In
particular, alignments between the vorticity vector, flame surface normal and eigenvectors of the strain rate
tensor are used to identify the impact of the strain rate tensor on vortex stretching and transport of scalar
gradients, while changes in flame topology due to the Darrieus-Landau instability are shown to significantly
impact vorticity generation through the baroclinic torque using enstrophy budgets. The turbulent flame
speed, defined as the mean propagation speed of a premixed flame in a turbulent environment is of great
importance in the design of combustors. The relatively robust methodology of the current approach allows
us to study the turbulent flame speed for a wide parametric space at a reasonable computational cost. One
of the primary findings reported in this work is that the Darrieus-Landau instability can have a dramatic
impact on the propagation speed of turbulent premixed flames. Further, contrary to prior studies in the
literature, the turbulent flame speed doesn’t scale with the mean area ratio of the flame and is reduced by
an increase in the mean flame stretch, which makes accurate computations of flame stretch important.
iii
To the Almighty, my parents Rajesh and Neelam and my wife Komal
iv
Acknowledgments
Foremost, I would like to express my sincere gratitude to my advisor Prof. Moshe Matalon. He is one of the
best advisors a graduate student could ask for who has always been there to guide and help me, specially
in times of great confusion. No matter how hectic his schedule was, Prof. Matalon always gave me his time
and attention to discuss ideas, irrespective of how simple and obvious they might’ve been and was always
patient whenever I got them wrong. His approach to critically examining a problem is something I have tried
to assimilate and hope to incorporate after leaving graduate school. I would also to thank my committee
members, Prof. Paul Fischer, Prof. Carlos Pantano, Prof. Marco Panesi and Prof. Randy Ewoldt for their
valuable suggestions and discussions. I am also sincerely grateful to Dr. Almgren from the Lawrence Berkley
National Laboratory for her constant guidance and support in developing my code.
During my time at UIUC, I always came across an atmosphere, whether through research collaborations
or the academic resources or through the simplest of things like the Grainger Engineering Library that
encouraged creativity and learning. I have had the opportunity to interact with the amazing faculty here,
be it through their very insightful courses or as a teaching assistant for one of the undergraduate classes.
My work would also not have been possible without my colleagues - Dr. Navin Fogla, Arjun Krishnan, Dr.
Zhangbin Lu, Shikhar Mohan, Lixiang Li, Omkar Lokhande, Dr. Meng Zhang and Midhun Joy, who tolerated
my innumerable questions and were always there to bounce off ideas and keep a positive environment in the
office. I am also very fortunate to have developed long lasting friendships during my time here, which made
these last few years enjoyable and my stay in Urbana-Champaign a very memorable one.
I am deeply indebted to the Department of Mechanical Science and Engineering for providing me with
funding in the form of Teaching Assistantships throughout my graduate life. I would also like to thank
our department graduate coordinator Kathryn Smith who was always there to help me in matters of daily
administration and to make sure that you could come to her to resolve any last minute problems. And, to the
Computational Science and Engineering program for their fellowship and providing me with the resources
to complete my research through the Illinois Cluster program.
Lastly but most importantly, I would like to thank my parents for being there with me in times of
v
happiness and despair. They were always present to support me, encourage me and made sure that I
kept a positive outlook even when things got tough. My work would also not have been complete without
the support of my wife, who despite being on the other side of the world never made me feel alone and
unfortunately always became my punching bag during times of frustration. My family’s confidence in my
abilities always pushed me to strive for excellence.
vi
Table of Contents
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x
Nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii
Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Hydrodynamic instability in premixed flames . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.3 Flames in turbulent flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3.1 Description of regimes in turbulent combustion . . . . . . . . . . . . . . . . . . . . . . 4
1.3.2 Flame-turbulence interactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3.3 Turbulent flame speed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.4 Research objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.5 Thesis organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Chapter 2 Hydrodynamic model for premixed flames . . . . . . . . . . . . . . . . . . . . . 11
2.1 Hydrodynamic limit of flame propagation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 Numerical methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Interfacial quantities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3.1 Reconstruction of the zero level-set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3.2 Local gas velocities on the flame surface . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.3 Flame stretch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.4 Non-dimensionalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.5 Turbulent inflow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
Chapter 3 Nonlinear development of Darrieus-Landau instability in laminar flows . . . 22
3.1 Linear stability of planar flames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 Computational domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.3 Weakly nonlinear results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3.1 Nonlinear evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.3.2 Dependence on Markstein number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.3.3 The induced flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
Chapter 4 Influences of Darrieus-Landau instability on turbulent flames . . . . . . . . . 35
4.1 Flame topology and surface wrinkling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.2 Turbulent flame speed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
Chapter 5 Effect of premixed flames on the turbulent flow field . . . . . . . . . . . . . . . 51
5.1 Vorticity budgets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
5.2 Vorticity restructuring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.3 Dynamics of strain rate and vorticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.4 Role of turbulence in scalar stretching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
vii
Chapter 6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
6.1 Future direction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
Appendix A Surface parametrization and vorticity transport . . . . . . . . . . . . . . . . 75
A.1 Parameterization of flame surface in intrinsic coordinates . . . . . . . . . . . . . . . . . . . . 75
A.2 Evolution of vorticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
viii
List of Tables
4.1 Parametric space used for simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
ix
List of Figures
1.1 Regime diagram for premixed turbulent combustion [1]. . . . . . . . . . . . . . . . . . . . . . 5
1.2 Schematic of a premixed flame with an incoming turbulent flow [1] . . . . . . . . . . . . . . . 7
2.1 (a) A patch of the flame surface, ψ = 0, within the rectangular Cartesian grid, and its
intrinsic curvilinear coordinates. (b) A 2D representation of the flame surface illustrating the
methodology of its reconstruction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Turbulence kinetic energy spectrum of the pre-generated field showing the characteristic −5/3
slope of the inertial subrange for a range of integral scales `/L . . . . . . . . . . . . . . . . . 19
2.3 Closed-loop control system of mean flame position and turbulence intensity with the resulting
mean inflow speed for σ = 5 plotted against time t, M−1 = 50, target input position = 1.5
and u′/S
L
= 1.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.4 Schematic of the PID control system used to control mean flame position and turbulence
intensity u′/S
L
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.1 Schematic of the computational domain, with an illustration of a corrugated flame surface
propagating downwards. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.2 Comparison of the numerically computed flame surface and the exact analytical solution for
σ = 1.1 and M = 0.001. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3 Comparison of the numerically computed flame surface and the exact analytical solution for
σ = 1.1 and M = 0.001; the figure shows traces of the flame surface on different planes,
obtained by slicing the surface with the corresponding plane. . . . . . . . . . . . . . . . . . . 26
3.4 Comparison of the numerically calculated (symbols) propagation speed U with the exact
values of the analytical solution (solid curves) in two- and three-dimensional flows, for σ = 1.1. 27
3.5 Comparison of the computed growth rate during the early development of a perturbation of
wavelength λ = 1 (symbols) and the analytical growth rate from linear theory (solid lines),
for several values of the Markstein number. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.6 Flame surface evolution starting with arbitrary (random) initial conditions; the flame shape
at four consecutive times is shown in (a) and the corresponding amplitude is shown (b); the
symbols identify the four instances selected in (a). . . . . . . . . . . . . . . . . . . . . . . . . 29
3.7 The flame propagation speed near the bifurcation point, showing the variations of the bifur-
cation point from the theoretical value, marked with a N symbol, for several values of the
numerical flame thickness h and width of the delta function s. . . . . . . . . . . . . . . . . . 30
3.8 Bifurcation diagram showing the dependence of the flame propagation speed U
L
on the re-
ciprocal of the Markstein number M−1, for σ = 5. The N symbol in (a) corresponds to the
exact bifurcation point M−1c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.9 Variation in flame surface conformation for increasing values of the instability parameterM−1
(or decreasing values of the Markstein number). . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.10 The flow field induced by the instability illustrated by (a) the velocity field and flow pattern
in the plane and (b) the vorticity field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.11 Vorticity produced at the flame; the figure shows the three vorticity components projected on
two perpendicular planes x = 0.5 and z = 0.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
x
3.12 Variation of the local stretch rate along the flame surface. . . . . . . . . . . . . . . . . . . . . 34
3.13 Variation of the local flame speed along rays, for various polar angles θ. . . . . . . . . . . . . 34
4.1 Representative snapshot of a turbulent flame (grey surface) for a supercritical flame with
M−1 = 50, σ = 5 and u′/S
L
= 1.5. The turbulent flow is illustrated by isosurfaces of the
Qcrit = 100. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.2 Instantaneous snapshots of fluctuating flames for two-dimensional flows under increasing val-
ues of turbulence intensity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.3 PDF of the position of a passive interface and sub/super-critical flame in a turbulent flow . . 39
4.4 PDF of flame curvature for a subcritical (M−1 = 22.7) and supercritical (M−1 = 75.2) flame. 40
4.5 PDF of nx for a passive interface and sub/supercritical flame in a turbulent flow . . . . . . . 41
4.6 Characterization of the conditional PDF of ny for different topologies of a supercritical flame
in a laminar flow at M−1 = 75.2 and σ = 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.7 PDF of ny for a passive interface and sub/supercritical flame in a turbulent flow . . . . . . . 44
4.8 Comparison of the shape factor of a sub/supercritical flame with a passive interface in a
turbulent flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.9 Schematic of a) premixed flame for a turbulent inflow, b) mean inflow speed of the controller
for σ = 5, M−1 = 50, u′/S
L
= 1.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.10 Variation of S
T
/S
L
and Af/A with increasing values of u′/SL for a range of Markstein numbers. 47
4.11 Variation of S
f
/S
L
and K with increasing values of u′/S
L
for a range of Markstein numbers. 49
4.12 Comparison of relative contributions of mean flame strain Ks and mean surface curvature κ
for two cases of Markstein number at σ = 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.1 Vorticity budgets in the axial direction for a subcritical flame (σ = 5, M−1 = 22.7) in a
turbulent flow. The curve with ‘NR’ (blue curve) is the corresponding term for a passive
interface in a non-reacting flow. The dashed curve shows the mean flame position provided
as an input to the closed loop control system. . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
5.2 Vorticity budgets in the axial direction for a supercritical flame (σ = 5, M−1 = 75.2) in a
turbulent flow. The curve with ‘NR’ (blue curve) is the corresponding term for a passive
interface in a non-reacting flow. The dashed curve shows the mean flame position provided
as an input to the closed loop control system. . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
5.3 Vorticity budgets in the axial direction for a sub/supercritical flame in a turbulent flow. The
curve with ‘NR’ (blue curve) is the corresponding term for a passive interface in a non-reacting
flow. The dashed curve shows the mean flame position provided as an input to the closed
loop control system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
5.4 Representative snapshot of a turbulent flame (grey surface) for a passive interface at u′/S
L
=
1.0. The turbulent flow is illustrated by isosurfaces of the Qcrit = 50. . . . . . . . . . . . . . . 56
5.5 Representative snapshot of a turbulent flame (grey surface) for a supercritical flame with
M−1 = 50, σ = 5 and u′/S
L
= 1.5. The turbulent flow is illustrated by isosurfaces of the
Qcrit = 100. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.6 Orientation of the unit vorticity vector for a turbulent subcritical flame conditioned on the
unburnt region and the flame surface for σ = 5 and M−1 = 22.7. The curve with ‘NR’ (blue
curve) is the corresponding term for a passive interface in a non-reacting flow. . . . . . . . . . 59
5.7 Orientation of the unit vorticity vector for a turbulent supercritical flame conditioned on the
unburnt region and the flame surface for σ = 5 and M−1 = 75.2. The curve with ‘NR’ (blue
curve) is the corresponding term for a passive interface in a non-reacting flow. . . . . . . . . . 60
5.8 Eigenvalues of the strain rate tensor for a turbulent supercritical flame conditioned on the
flame surface for σ = 5 and M−1 = 75.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.9 Comparison of the eigenvalues of strain rate tensor for a turbulent supercritical flame condi-
tioned on the unburnt and burnt regions of the domain for σ = 5 and M−1 = 75.2. . . . . . . 63
5.10 Alignment of the eigenvectors of the strain rate tensor with vorticity of a turbulent passive
interface and supercritical flame (σ = 5 and M−1 = 75.2). . . . . . . . . . . . . . . . . . . . . 67
xi
5.11 Components of vortex stretching (eq. 5.3) conditioned on the surface of a turbulent passive
interface and supercritical flame (σ = 5 and M−1 = 75.2). . . . . . . . . . . . . . . . . . . . . 68
5.12 Components of vortex stretching (eq. 5.3) conditioned on the surface of a sub/supercritical
flame (σ = 5 and M−1 = 22.7, 75.2). The curve with ‘NR’ (blue curve) is the corresponding
term for a passive interface in a non-reacting flow. . . . . . . . . . . . . . . . . . . . . . . . . 69
5.13 Comparison of the eigenvalues of strain rate tensor conditioned on the surface of a turbulent
passive interface and supercritical flame (σ = 5 and M−1 = 75.2). . . . . . . . . . . . . . . . 70
5.14 Alignment of the eigenvectors of the strain rate tensor with vorticity of a turbulent passive
interface and supercritical flame (σ = 5 and M−1 = 75.2). . . . . . . . . . . . . . . . . . . . . 71
5.15 Components of vortex stretching (eq. 5.5) conditioned on the surface of a turbulent passive
interface and supercritical flame (σ = 5 and M−1 = 75.2). . . . . . . . . . . . . . . . . . . . . 72
A.1 Flame surface in curvilinear coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
xii
Nomenclature
b unit binormal vector to the flame surface
ei eigenvectors of strain rate tensor
n unit normal vector to the flame surface pointing towards the burned gas
t unit tangent vector to the flame surface
β Zeldovich number
v∗ gas velocity at the flame front on the unburned side
v gas velocity
χ un-normalized scalar gradient vector
ωˆ unit vorticity vector = ω/√ωiωi
ω vorticity vector
δ dimensionless parameter (flame thickness lf in units of domain length scale L)
` integral length scale of incoming turbulence
κ flame front curvature
λc critical wavelength separating the sub- and super-critical conditions
λi eigenvalues of strain rate tensor
K stretch rate experienced by the flame
Dth mixture thermal diffusivity
L Markstein length
xiii
M Markstein number in units of domain size L
Mc critical Markstein number separating sub- and super-critical conditions
φ azimuth angle of equivalent spherical coordinate system
ψ level set function with zero contour representing the flame surface
ρb density of burned gas
ρu density of unburned gas
σ thermal expansion coefficient
S strain rate tensor
θ polar angle of equivalent spherical coordinate system
A cross-sectional area of domain, normal to direction of flame propagation
Af mean area of the premixed flame
Da Damko¨hler number
h numerical thickness of flame
Ks hydrodynamic strain at the flame surface
Ka Karlovitz number
L hydrodynamic length scale representative of the flame size
l
f
characteristic length proportional to the flame thickness
Leeff effective Lewis number
p gas pressure
ReT Turbulent Reynolds number
s half-width of the delta function
S
f
local flame speed relative to unburned gas mixture
S
L
laminar flame speed
S
T
turbulent flame speed
xiv
t non-dimensional time
u′ intensity of incoming turbulence
U
L
propagation speed of laminar DL-induced cusp-like flame
V
f
propagation speed of front back along the normal
xv
Chapter 1
Introduction
1.1 Motivation
Understanding and modeling turbulent combustion processes is essential for the design and development of
most practical combustion systems such as gas turbines, furnaces etc., which remain the backbone of our
energy needs. Even without combustion, turbulence is an intrinsically complex process involving a large
range of time and length scales. When coupled with combustion, the difficulties multiply as on one hand,
the turbulent flow field advects and distorts the flame and possibly changes its internal structure, while on
the other, the heat release through combustion induces strong flow accelerations due to density and viscosity
changes. The objective of this work is to develop an efficient numerical method within the framework of the
“hydrodynamic theory of flame propagation”, in order to investigate flame-turbulence interactions and the
dependence of the mean burning rate on the functional parameters.
1.2 Hydrodynamic instability in premixed flames
Combustion processes are characterized by considerable variations in temperature and density due to the
large amount of heat released by chemical reactions. This significant heat release inevitably leads to gas
expansion, inducing velocities that affect the flame propagation itself. Thermal expansion is the underlying
cause of the hydrodynamic instability, first highlighted independently by Darrieus [2] and Landau [3], and
commonly referred to as the Darrieus-Landau (DL) instability. Treating the flame as a surface of density
discontinuity, with the flame speed along the flame front constant, Darrieus and Landau carried out a linear
stability analyses and concluded that planar premixed flames are unconditionally unstable. This result
seemed contradictory to the observation of stable flames in the laboratory reported nearly seventy years
earlier by Mallard [4] and Mallard and Le Chatelier [5]. The growth rate, based on the Darrieus and Landau
analyses, was found to depend linearly on the wavenumber implying that disturbances of short wavelength
grow faster than those of long wavelength. Evidently, this result fails in the short wavelength regime where
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disturbances become comparable in size to the flame thickness and diffusion effects inside this zone could play
a significant stabilization role. Subsequent work was carried by a number of investigators, the most notable
results of which are due to Markstein [6] who also treated the flame as a surface of discontinuity, but assumed
a dependence of the flame speed on the local curvature of the flame front through a phenomenological
constant, which nowadays is referred to as the Markstein length. His analysis showed that for positive
Markstein length, diffusion has indeed stabilizing influences on the flame propagation.
The most rigorous studies, based on asymptotic methods [7, 8, 9], were carried out in the early 1980’s.
Exploiting the disparity in length scales associated with hydrodynamic and diffusion effects, the role that
heat, mass and viscous diffusion play on flame stability was quantified. This resulted in an explicit expression
for the dependence of the Markstein length on the thermal expansion and Lewis number characterizing
the mixture, and a dispersion relation that incorporates thermo-diffusive effects as a perturbation to the
Darrieus-Landau (DL) growth rate. Both, Pelce & Clavin [7] and Frankel & Sivashinsky [8], linearized the
governing equations about the planar flame solution and carried out a linear stability analysis to derive
the aforementioned dispersion relation. The approach by Matalon & Matkowsky [9] is more comprehensive;
exploiting the multi-scale nature of the problem they first derived a general model for treating the flame
as a thin interior layer separating the fresh mixture from the burned gases, and then used it to examine
the stability of planar flames. The dispersion relations obtained in all three studies1 are identical, showing
that diffusion effects act to stabilize the short wave disturbances in mixtures whose deficient component
is the less mobile one, or equivalently in mixtures of positive Markstein lengths. It should be noted that
the general nonlinear model derived by Matalon & Matkowsky [9], which has been cast in a coordinate-free
form [10] and referred to as the hydrodynamic model, and its extension to account for temperature-dependent
transport, arbitrary reaction orders and effects due to stoichiometry [11], allows studying flame propagation
in arbitrary flow fields, including the stability of flames other than planar ones. For example, it was used to
examine the stability of outgrowing spherical flames [12, 13] and of strained flames [14]. The model is also
appropriate for studying the nonlinear development that occurs beyond the instability threshold, which is
the subject of the current work.
Darrieus and Landau seemed to imply in their reported work that due to the instability premixed flames
would necessary be turbulent. Recent studies, however, suggest that this is not always the case. The
first evidence was obtained from studies of the Michelson-Sivashinsky (MS) equation [15] that results from
the hydrodynamic model by assuming weak thermal expansion. This equation describes the evolution of
modestly-perturbed flames, and depends on a single parameter proportional to the domain size and inversely
1Although different notation and non-dimensionalization were used in [7, 8, 9], the expressions were verified to be identical.
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proportional to the Markstein length (scaled appropriately). Despite being nonlinear, the MS equation
possesses exact solutions obtained by employing a pole decomposition technique [16, 17, 18]. The solutions
of interest are the coalescent pole solutions, for which the flame acquires a cusp-like structure that propagates
at a constant speed, and the members of this family are distinguished by the number of poles that contribute
to the solution.The stability of these solutions in rectangular domains with periodic boundary conditions
was established by Vaynblat & Matalon [19, 20] who showed that for given conditions, there is always
among the family of pole solutions a stable one, and the stable solution is the one that possesses the largest
possible number of poles. When varying the domain size, for example, the solution exhibits a bifurcation
phenomenon: in narrow domains, the long wavelength modes are irrelevant and, since the short wavelength
disturbances are damped, the flat flame or zero-pole solution is the stable one. When increasing the domain
size the flat flame loses its stability and the one-pole solution with a single peak and a higher propagation
speed (then the planar flames) becomes the stable one. This solution becomes eventually unstable and the
two-pole solution, with a deeper cusp and higher propagation speed becomes the stable one. This behavior
continues as the domain size widens with the crest sharply increasing and the propagation speed tending
towards a constant value. Numerical integration of the time-dependent MS equation confirms this scenario;
starting with arbitrary initial conditions the solution after a sufficiently long time tends to the appropriate
pole solution. This ultimately means that the consequence of the DL instability is the formation of cusp-like
structures pointing towards the burned gas.
Although the MS equation provides valuable insight into the nonlinear development of the DL instability,
the model is limited to weak thermal expansion that does not properly characterize combustion processes,
which are typically associated with a temperature rise of approximately six-to-eight folds. This assumption
also implies that the flame front is modestly perturbed and the flow weakly disturbed, which excludes the
possible establishment of large-amplitude structures, and the generation of significant hydrodynamic strain
rates that are known to have an effect on the flame propagation. For realistic values of thermal expansion,
the nonlinear development of the flame front beyond the initial DL growth can be studied within the
context of the hydrodynamic model, which permits large flame corrugations and is valid for arbitrary flow
disturbances. The mathematical formulation consists of simultaneously solving the Navier-Stokes equations
with different densities in the unburned and burned gases and tracking the flame front which propagates at
a speed that depends locally on its curvature and the hydrodynamic strain. The flame speed is modulated
by a Markstein length that lumps all the combustion characteristics, the heat release, the mixture properties
and composition, and the fuel and oxidizer diffusion rates. The combustion and fluid dynamics are fully
coupled; the flow is affected by the gas expansion that results from the heat release and the propagation is
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affected by the flow conditions through the flame speed.
Despite the simplification of the hydrodynamic model, its numerical implementation is nontrivial and
challenging, requiring a robust hybrid Navier-Stokes /front-capturing scheme. Such a methodology was
derived for two-dimensional flows, where the flame is practically a curve [21], and was used to examine
the nonlinear development of the DL instability [22]. For simplicity, the small corrections to the Rankine-
Hugoniot relations [9, 11] on the order of the flame thickness were neglected, and the flame speed was
assumed to depend only on curvature. In a following study [23] strain rate effects on the flame speed were
included and the complete influence of flame stretch on the nonlinear propagation was investigated. These
studies substantiate the conclusions drawn from the MS model, that beyond the instability threshold a single
peak structure develops with wide curved troughs and a sharp crest pointing towards the burned gas, and
that the amplitude and propagation speed of this new structure are significantly larger the stronger the
instability becomes.
The main objective of the present work is to investigate the nonlinear flame development that results
from the DL instability in a more realistic three-dimensional flow setting, with the flame an actual two-
dimensional surface. Although aspects of the problem have been addressed by numerical simulations [24, 25],
this work constitutes the first systematic study of the bifurcation phenomena in three-dimensions. The
results provide further insight into the topology and propagation speed of the steadily-propagating structures
that ultimately evolve. Features of the induced flow caused by the instability and resulting from the gas
expansion are discussed. In addressing these questions, nontrivial aspects of the numerical methodology had
to be addressed; these include extending the level-set methodology for properly tracking a two-dimensional
surface, introducing a parametrization of the flame surface and generalizing the immersed boundary method
to compute local interfacial properties, such as gas velocity and flame stretch rate, which are needed for
accurately determining the local flame speed.
1.3 Flames in turbulent flows
1.3.1 Description of regimes in turbulent combustion
The study of premixed flame combustion is of great importance for a number of applications from automotive
engines to practical industrial burners. One of the first descriptions of premixed turbulent combustion comes
from Damko¨hler [26] who introduced wrinkling as the primary mechanism controlling turbulent flames. He
suggested that premixed flames could be limited to two regimes, one where turbulence-flame interaction is
purely kinematic with the flame represented by a thin interface and the other where the smallest turbulent
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Figure 1.1: Regime diagram for premixed turbulent combustion [1].
scales are sufficiently energetic to enter and modify the transport mechanisms with the flame. Since his
seminal work, several other combustion regime diagrams over the years [27, 28, 29, 30] have attempted to
qualitatively describe the flame as a balance between the prevalent turbulent and chemical processes. As
example, the regime diagram shown in Fig. 1.1 on the (u′/S
L
) × (`/lf ) plane is based on the turbulence
intensity u′/S
L
, measured as the ratio of the rms of fluctuations to the laminar flame speed and `/lf , which
is the ratio of the integral length scale to the laminar flame thickness. This diagram is delineated from
laminar flames by the turbulent Reynold’s number ReT = u′l/ν > 1, where ν is kinematic viscosity. The
regimes of turbulent combustion are further subdivided into wrinkled and corrugated zone, thin reaction
zone and broken/distributed reaction zone based on the scale separation between the laminar flame/preheat
zone thickness (lf ), the reaction zone thickness (lδ)1 and the Kolmogorov scales (η). When the Damko¨hler
number is large (Da > 1), chemical reaction times are much shorter than the integral turbulence times and so
turbulence is unable to affect the inner structure of the flame, thereby maintaining it close to a laminar flame.
For flows with small Karlovitz numbers (Ka < 1), defined as the square of the ratio of the flame thickness
to Kolmogorov scale, the flame thickness is the smallest scale in the problem and the flame front remains
thin with the smallest eddies unable to penetrate the flame thickness (η > lf ). This thin or flamelet regime
1The structure of a premixed flame can be divided into the preheat zone where appreciable temperature rise occurs, and
an inner layer known as the reaction zone, where the chemical reactions take place [31].
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is characterized by wrinkled and corrugated flames depending upon the turbulence intensity being small or
large respectively. The wrinkled flamelet regime corresponds to Damko¨hler’s large-scale turbulence regime.
For high Karlovitz number flows (Ka > 1 and Da > 1), though the turbulent integral time is still larger
than the chemical reaction time, the Kolmogrov eddies become smaller the flame thickness and are energetic
enough to penetrate the flame zone. Depending upon their relative size to the reaction zone thickness, this
thickened regime is further classified into the thin reaction zone (η < lf ), where the Kolmogrov eddies do
not still penetrate the reaction zone and the distributed reaction regime (η < lδ), where the entire reaction
zone is affected by the turbulent eddies. Under such situations, the chemical reactions begin to break down
locally reducing temperature inside the flame, leading to extinction conditions. This zone corresponds to
the small scale regime of Damko¨hler. The special case of small Damko¨hler number (Da < 1) occurs when
the chemical time is much larger than the turbulence time and so the overall reaction rate is controlled
by chemistry and the mixing occurs by turbulent motions. This so-called well-stirred reactor regime is less
relevant in the context of premixed flame propagation.
It is important to note that though the regime diagrams help in providing a qualitative description
of the flame-turbulence interactions, they are still based on intuitive arguments and introduce arguments
dependent upon order of magnitude of scale separation, rather than precise demonstrations. Since, the
comparisons are done by comparing various turbulent time scales with their laminar counterparts, there
is no experimental or numerical evidence quantitatively supporting the definitions of the various regimes.
As an example, for large Karlovitz number flows in the limit of high turbulence intensities, the reaction
zone is expected to broaden due to turbulent diffusion effects. However, in a previous experiment for lean
methane-air flamelets, Shepherd et. al. [32] noted that the internal flame structures remained unaffected
by the presence of turbulent diffusion. Similar observations were experimentally made by Driscoll [33] and
through DNS studies [34, 35] which concluded that even under the limit of large Karlovitz numbers the
turbulent cascade failed to penetrate the internal flame structure and the reaction zone remained thin even
though substantial broadening was expected to occur.
1.3.2 Flame-turbulence interactions
The interaction of flame with a turbulent flow field is of fundamental importance in combustion. Describing
these interactions is needed for developing high-fidelity models for designing clean and efficient environment-
friendly combustion engines. Several studies in the past have tackled this problem [36, 37, 35, 38, 39] for
premixed as well as non-premixed flames. The understanding of the alignment of vortical structures with
local principal strain rates could be of importance for example, in spark ignition engines where the fuel and
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Figure 1.2: Schematic of a premixed flame with an incoming turbulent flow [1]
oxidizer need to be homogeneously mixed prior to ignition. The alignment statistics of the flame surfaces with
the vorticity vector and strain rate tensor are crucial to modeling turbulent fluid motion and understanding
vortex stretching [40]. The behavior of scalar gradients in turbulent flows describes turbulence chemistry
interactions [41] and therefore is important in understanding energy transfer mechanisms [42] for turbulent
flames.
1.3.3 Turbulent flame speed
A fundamental problem that has drawn much attention in the literature is the determination of the turbulent
flame speed identified as the mean propagation speed of a premixed flame in statistical steady state within a
turbulent field, similar to the laminar flame speed defined as the propagation speed of a (planar and adiabatic)
premixed flame into a quiescent mixture. However, unlike the latter, which is a unique thermochemical
property of a given combustible mixture, the turbulent flame speed depends on the flow conditions and
experimental configuration. Experimental data by various investigators have exhibited a wide range of
scatter [43, 44, 45, 46] casting doubt on whether a well-defined flame speed may be identified. Yet, it has
been observed that turbulent flames in tubes propagate a well-defined distance in a given time and Bunsen
flames in statistically stationary turbulent flows possess a measurable average inclination angle, from which
a representative flame speed can be identified. The practical importance of identifying a turbulent flame
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speed is evident allowing, for example, the determination of the mean fuel consumption rate in a combustor
operating under turbulent conditions.
The first attempt to model the turbulent propagation was made by Damko¨hler [26] who observed exper-
imentally that premixed flames in a turbulent flow on the average cover a fixed distance in a fixed amount
of time. Therefore, if we restrict the propagation of the flame to a coordinate system where the flame is held
statistically stationary with an incoming turbulent at a mean inflow velocity (to be defined as the turbulent
flame speed S
T
), [u′c, v′c + ST ] such that the turbulent fluctuations u′c = v′c = 0 as shown in Fig. 1.2, the
mean mass flow rate into the domain would be m˙ = ρuAST , where ρu is the unburned gas density and A
is the cross-sectional area of the domain. Assuming that all the reactants are consumed at the flame which
gets wrinkled due to the incoming turbulent fluctuations, the resulting mean mass flow rate from the normal
propagation of each flame segment to itself is m˙ = ρuAfSL . Due to conservation of mass flow rate,
S
T
S
L
= Af
A
. (1.1)
where, Af is the mean surface area of the wrinkled flame. Resorting to geometrical arguments with analogy
to a Bunsen flame, Damko¨hler further deduced that for large-scale turbulence the increase in area ratio of
the corrugated to the laminar flame is proportional to u′/S
L
implying that for high intensity turbulence,
S
T
S
L
= 1 + u
′
S
L
(1.2)
where, u′ is the rms of the incoming turbulent fluctuations. Shelkin [47] extended this idea arguing that as a
result of the flame-vortex interaction, the wrinkled flame may be viewed as an ensemble of cones, with bases
proportional to the square of the turbulence integral scale ` and height proportional to the turbulent intensity
u′ multiplied by the representative eddy turnover time 1/S
L
, from which he deduced the relation S
T
/S
L
=√
1 + (u′/S
L
)2. This also recovers Damko¨hler’s proposition (6) for high-intensity turbulence (u′  S
L
) and
for low turbulence intensities (u′  S
L
), he proposed the quadratic law S
T
/S
L
= 1 + 12 (u′/SL)2. Over the
years, several experiments [43, 48, 33], perturbation analyses [49, 50] and physical arguments [51, 52] have
come up with a general form of eq. (1.2)
S
T
S
L
= 1 + C
(
u′
S
L
)n
(1.3)
with the coefficients C and n in the above equation suggested for different experimental setups and operating
conditions. Irrespective of the exact coefficients, from a practical viewpoint, the knowledge of a turbulent
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flame speed would allow us to predict the mean rate of fuel consumption in a combustor and is therefore
requires further scrutiny.
1.4 Research objective
The research presented in this thesis is based on previous work done for two-dimensional laminar [53, 23]
and turbulent flows [54, 55, 56] where the flame was a curve. The propagation of flames in three-dimensional
turbulent flows is studied within the context of the hydrodynamic theory. The flame is treated as a surface of
density discontinuity with the flow modified by gas expansion resulting from heat released during combustion.
The flame is tracked using a level-set method with a propagation speed that depends on the local flame
stretch, modulated by a Markstein length. A closed-loop PID (proportional-integral-derivative) controller is
used to statistically maintain the flame at a fixed location and to control the incoming turbulence intensity
just ahead of the flame. One of the clear advantages of our hybrid approach is that it doesn’t involve any
ad-hoc modeling assumptions and has a feedback system to take into account the effect of gas expansion on
the surrounding flow field, which is very important when trying to understand flame-turbulence interactions.
This methodology is however limited to weakly stretched flames under the wrinkled/corrugated limit since
the flame thickness is assumed to be the smallest scale in the domain.
The presence of the Darrieus-Landau (DL) instability, a consequence of gas expansion resulting from
heat released during combustion is investigated in the current approach. Although aspects of this instability
have been addressed by a few previous studies [24, 25], the present work is the first systematic study
of the non-linear development of hydrodynamically unstable flames under laminar flow conditions. The
computational methodology has been tested against the pole solutions and propagation speed of the weakly
non-linear Michelson Sivashinsky flame and its growth rate has been validated for flames with realistic
values of thermal expansion. Based on this approach, the primary research objectives of this work can be
summarized as follows,
• Develop algorithms for surface parametrization and accurate calculation of interfacial properties for
the multivalued conformations of a generic flame surface, perturbed due to turbulent fluctuations.
• Systematically examine the bifurcative behavior of the DL instability and study its impact on surface
topology and propagation speeds of premixed flames under laminar flow conditions.
• Extend this to homogeneous isotropic turbulent flows and study premixed flame propagation, with an
aim of providing a deeper insight into the mechanisms governing flame-turbulence interactions.
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• Highlight the effects alignments of strain rate tensor, flame surface normal and vorticity vector have
on vortex stretching and scalar gradient transport and distinguish these observations for flames under
the influence of the DL instability.
1.5 Thesis organization
In chapter 2, we present the mathematical formulation of the hydrodynamic model and a description of the
numerical methodology that has been adopted to address the resulting free boundary problem. Details of
the turbulent flow field generation and computational domain are also presented. Results from linear theory
are summarized in chapter 3. The numerical results presented include (i) validation of the methodology by
capturing the exact bifurcation point and the initial growth predicted by linear theory, (ii) recovery of the
exact pole solutions when the thermal expansion is assumed small, (iii) analysis of the flame conformations
resulting from the nonlinear development beyond the instability threshold and the dependence of these
structures and their propagation speed on the Markstein length, and (iv) discussion of the induced flow
stemming from the instability. Chapter 4 shows the impact a turbulent flow field has on the different
aspects of flame propagation including flame surface topology, flame wrinkling and turbulent flame speed.
The results are contrasted for flames with/without the presence of DL instability and compared with a non-
reacting constant density flow with a passive interface. Effects due to the presence of a flame on the flow field
are presented in Chapter 5. Alignment statistics of strain rate tensor, vorticity vector and the flame surface
normal are used to explain vorticity budgets and anisotropy in the burned gas. This chapter also highlights
the correlation these alignments can have on creation/destruction of scalar gradients. Lastly, conclusions
drawn from the above chapters about flame-turbulence interactions for hydrodynamically unstable flames
are presented in Chapter 6.
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Chapter 2
Hydrodynamic model for premixed
flames
2.1 Hydrodynamic limit of flame propagation
The hydrodynamic model is based on a multi-scale analysis that exploits the difference between the hydrody-
namic length scale L, which is a measure of the characteristic size of the flame, and the diffusion length scale
l
f
= Dth/SL, which represents the flame thickness [9, 11]. Typically, the flame consisting of the preheat and
reaction zones is relatively thin compared to the hydrodynamic length, such that δ ≡ l
f
/L 1. Therefore,
viewed on the hydrodynamic length scale, it is practically a surface separating cold fresh mixture from hot
burned products.
Let the flame front be described by a function ψ(x, t) = 0, with ψ < 0 identifying the unburned gas
region and ψ > 0 the burned gas region, the flame speed Sf is unambiguously defined as the propagation
speed of the flame surface relative to the unburned gas. Hence, S
f
≡ −V
f
+ v∗ · n, where v is the gas velocity,
with the superscript * identifying conditions on the unburned side of the flame surface, and
n = ∇ψ|∇ψ| Vf =−
1
|∇ψ|
∂ψ
∂t
are respectively, the unit normal to the flame surface pointing towards the burned gas and the propagation
speed (in the laboratory frame). The flow on either side of the flame surface is governed by the incompressible
Navier-Stokes (NS) equations
∇ · v = 0 (2.1)
ρ
∂v
∂t
+ ρ (v · ∇) v = −∇p+ µ∇2v (2.2)
where p is the pressure, µ the viscosity of the mixture, assumed constant, and ρ the density of the mixture
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given by
ρ =

ρu for ψ(x, t) < 0
ρb for ψ(x, t) > 0
(2.3)
with the subscripts, u and b representing the unburned/burned values, respectively. The density ratio ρu/ρb,
which is equal to the temperature ratio = Tb/Tu where Tb is the flame temperature, represents the extent
of thermal expansion and is denoted by σ. Since the increase in temperature is entirely due to the heat
released by combustion, σ > 1. Conservation of mass and momentum across the flame surface is enforced
through the Rankine-Hugoniot (RH) jump relations
[[ρ(v · n− V
f
)]] = 0
[[n× (v× n)]] = 0
[[p+ ρ(v · n)(v · n− V
f
)]] = 0
(2.4)
where, the operator [[χ]] defines the jump in the quantity χ, namely the difference between its values at
ψ=0+ and ψ=0−.
The flame speed is obtained by resolving the internal flame structure on the diffusion length scale l
f
. For
a two-reactant (fuel and oxidizer) mixture undergoing chemical reaction modeled by an overall single step
with a large activation energy, the flame speed is given by
S
f
= S
L
− LK (2.5)
where S
L
is the laminar flame speed and K = S
L
κ + K
S
is the flame stretch consisting of the combined
effects of curvature κ=−∇ · n and hydrodynamic strain K
S
=−n · S · n, where S = 12 (∇v +∇vT ) is the
rate of strain tensor. The Markstein length L, proportional to the flame thickness lf , is a mixture sensible
parameter that depends on the composition of the mixture and its equivalence ratio, the reaction orders,
the diffusive properties of the reactants and the overall heat release.
2.2 Numerical methodology
Numerical implementation of the hydrodynamic model is carried out using a hybrid Navier-Stokes/Level-set
methodology that generalizes the earlier approach successfully implemented in two dimensional flow fields,
where the flame is represented by a curve, under laminar [21, 23] and turbulent conditions [57, 56]. The
extension to three dimensional flows discussed here, where the flame front is a two dimensional surface,
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necessitates rebuilding some of the numerical algorithms, as discussed below.
A continuum approach is adopted where the piecewise density (2.3) is smeared over a few computational
grid cells, by writing
ρ = ρu + 12 (ρu−ρb)
[
1 + tanh(ψ/h)
]
, (2.6)
where h = m∆x is a measure of the numerical flame thickness, with m an integer. Mass conservation across
the flame front, expressed as the first of the RH relations (2.4), is satisfied by introducing a source term to
eq. (2.1), namely
∇ · v = −1
ρ
Dρ
Dt
. (2.7)
Since the density ρ varies only along the normal to the flame surface taking the values ρu and ρb on the
unburned and burned sides respectively, the dilatation term in the above equation can be simplified by
attaching a frame of reference to the flame, where n is the unit normal to the flame and
(
tˆ,b
)
are the
tangential unit vectors along the flame surface,
−1
ρ
Dρ
Dt
= 1
ρ
(
∂ρ
∂t
+ v · ∇ρ
)
= 1
ρ
(
∂ρ
∂t
+ ∂tˆ
∂t
∂ρ
∂tˆ
+ ∂b
∂t
∂ρ
∂b
− V
f
∂ρ
∂n
+ v · n ∂ρ
∂n
+ v · tˆ∂ρ
∂tˆ
+ v · b ∂ρ
∂n
)
Any terms containing the derivative of density with respect to the tangential vectors are taken to be zero
since the model accounts for changes in density only normal to the flame surface. Therefore, the above
equation simplifies to
−1
ρ
Dρ
Dt
= −ρ (v · n− V
f
) ∂
∂n
(
1
ρ
)
,
= −m˙ ∂
∂n
(
1
ρ
)
,
where, m˙ is the mass flux across the flame sheet. As this quantity is continuous across the sheet along its
normal, its value on the unburned side is used, m˙ = ρuSf , giving an expression for the dilatation in eq. (2.7)
as,
∇ · v = ρuSf
∂
∂n
(1
ρ
)
, (2.8)
where ∂/∂n is the directional derivative along the coordinate n normal to the flame sheet, as shown in
[21]. Equation (2.8) confirms that the divergence-free condition is satisfied away from the flame surface
and its continuous representation across the flame allows for the NS equations, now consisting of (2.2) and
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(2.8), to be solved over the entire computational domain. Updating the density, at every time step, requires
identifying the level set ψ=0, and therefore the determination of ψ(x, t) which evolves according to
ψt + Vf |∇ψ| = 0 (2.9)
where V
f
is calculated from the definition of the flame speed and its dependence on flame stretch from the
relation (2.5). Evidently, when h → 0, the distribution (2.6) approaches the piecewise function (2.3) and
when taking the limit after integrating the governing equations across the flame front, the RH relations
are recovered. Thus, although in our approach the variations inside the thin numerical flame zone are not
physically resolved, the variations outside the flame zone are accurate, at least in an asymptotic sense.
Though the numerical flame thickness must be kept as small as possible, however too small of a value leads
to spurious oscillations in the mass flux through the flame region because the calculated velocity cannot
cope with the sharp change in density that is taking place. In the current simulations, m = 2 was selected
as will be further discussed below.
The aforementioned methodology involves a feedback between the Navier-Stokes solver and the level-
set algorithm, with the source term in equation (2.8) representing the link between these two modules.
Evaluating the source term requires calculating the density gradient across the flame, and thus knowing the
flame front position ψ(x, t) = 0. Therefore, once the problem is initialized, a signed distance function is
used to construct the initial field ψ(x, 0). Before updating the ψ-field, the propagation speed V
f
needs to
be extended in the entire computational domain [58], preserving its values at the flame sheet ψ = 0. The
determination of V
f
requires the evaluation of several interfacial quantities which will be discussed below.
At every iteration, equation (2.9) is integrated using a second-order TVD Runge-Kutta scheme in time and
a second-order convex ENO scheme in space [59], and the ψ-field reinitialized to ensure that it remains a
signed-distance function [60]. The extension and reinitialization processes are carried out a few times every
iteration in a narrow band surrounding the flame front to save computational resources. Once the level-set
function ψ is updated, a new density field is created and the NS equations are solved to determine the velocity
and pressure fields. The integration is performed over the entire computational domain using the parallel
low Mach number variable density solver developed at the Lawrence Berkeley National Laboratory [61, 62].
The solver uses a fractional step approach for time integration, second order upwind Godunov methodology
for the advection step, Crank-Nicholson discretization of the viscous terms and an approximate variable
density second order projection technique to enforce the divergence constraint. This entire process is then
repeated until steady state is achieved. The numerical model has been tested for grid-independence with the
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results presented here run at a grid resolution of 64 points/length L. Tests of increasing resolutions to 128
and 256 points/length have shown near grid independence with maximum errors in the flame speeds noted
at 7% and 3% respectively over a range of operating conditions.
2.3 Interfacial quantities
The interfacial propagation speed V
f
requires estimating the gas velocity v∗ at the flame front, on its
unburned side, and the local flame speed S
f
which depends on the stretch rate K. Appropriate algorithms
therefore need to be designed to calculate these quantities on the two-dimensional surface representing the
flame front.
2.3.1 Reconstruction of the zero level-set
The flame front, defined as the zero level set of ψ(x, t), is implicitly embedded into this function and so, in
order to calculate an interfacial property, an explicit set of Lagrangian mesh points defining the flame surface
must be first determined. In general, these points do not necessarily intersect the rectangular Cartesian grid
of the computational domain, as shown in Fig. 2.1(a) and need to be reconstructed from neighboring points
using a Taylor expansion, as suggested by Hou et al. [63].
1. Scan the entire domain where ψ < 0, say, and identify all “irregular points” defined as points such
(a)
 < 0
 > 0
 = 0
xp
x⇤
(b)
Figure 2.1: (a) A patch of the flame surface, ψ = 0, within the rectangular Cartesian grid, and its intrinsic
curvilinear coordinates. (b) A 2D representation of the flame surface illustrating the methodology of its
reconstruction.
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as x
P
= (xi, yj , zk) where ψ(xP ) = ψi,j,k < 0, but is positive in at least one of its neighbouring
points; namely, ψi−1,j,k, ψi+1,j,k, ψi,j−1,k, ψi,j+1,k, ψi,j,k−1, ψi,j,k+1 > 0; see illustration on the 2D
representation of the flame surface sketched in Fig. 2.1(b).
2. Find the unit steepest direction of ascent at that point, n defined as
n = ∇ψ|∇ψ|
3. Locate point x∗ on the zero contour as x∗ = xp + ηn.
4. Solve for the distance parameter η, obtained as the appropriate root of a quadratic equation resulting
from the second order Taylor approximation
ψ(x∗) ≈ ψ(x
p
) + |∇ψ|η + 12
(
nT ·He · n)η2 = 0
where, He(ψ) is the Hessian matrix,
He(ψ) =

ψxx ψxy ψxz
ψyx ψyy ψyz
ψzx ψzy ψzz
 .
The above algorithm provides a list of the points defining the flame interface x∗ with atleast one point per
grid spacing ∆x.
2.3.2 Local gas velocities on the flame surface
For the determination of the flame speed Sf , the local gas velocity at the flame surface, on its unburned side,
v∗ = v(x∗, t) needs to be evaluated from the velocities obtained from the NS solver on the Cartesian grid
points. An appropriate interpolation algorithm that minimizes spurious oscillations that may result from
the sharp increase in gas velocity across the flame, has been proposed in [21] and is adopted in this work. To
this end, a curvilinear coordinate system attached to the flame front is introduced, as shown in Fig. 2.1(a),
with t,b and n a triad of unit vectors. Since the mass flux m˙= ρ(v · n−V
f
) is conserved across the flame
front, its local value at the flame surface may be evaluated from
∫
m˙ δ(x−x∗) dx over a domain enfolding
the flame surface, with δ(x−x∗) the multi-dimensional Dirac delta function. Recognizing that m˙ = ρuSf
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and using the definition of Sf , the normal component of the local gas velocity can then be obtained from
v∗ · n = 2
ρb + ρu
∫
ρ (v · n) δ(x−x∗) dx + ρb − ρu
ρb + ρu
S
f
. (2.10)
Since the tangential components of the gas velocity do not suffer a jump across the flame front, they can be
directly evaluated from
tˆ · (v∗ × n) =
∫
tˆ·(v× n) δ(x−x∗) dx
b · (v∗ × n) =
∫
b·(v× n) δ(x−x∗) dx .
(2.11)
Expressions (2.10) and (2.11) are then used to determine v∗.
When numerically evaluating these quantities, the direction of the unit vectors needs to be estimated
first at every point x∗ of the flame surface. The unit normal is calculated from n = ∇ψ/|∇ψ| using the
level-set function and the remaining components are determined by considering the patch near x∗ as being
spherical, and using spherical coordinates attached to this point. Once the polar and azimuth angles are
estimated, the tangential unit normals can be easily calculated, the details for which are presented in the
appendix A.1. When evaluating the integrals on the right hand side of (2.10)-(2.11), the function D(x) has
been used for discretizing δ(x). In three-dimensions, D(x) = d(x)d(y)d(z), with
d(x) =

1
s
[
1 + cos
(pix
s
)]
|x| < s
0 |x| > s
as proposed by [64] because of its analogous properties to δ(x) when s→ 0. Although the width of d(x) must
be selected as small as possible, a very small s may underestimate v∗ and other interfacial properties. In
contrast, a larger value of s uses a wider data range to approximate the flow properties at the flame surface,
and thus leads to predictions that are less susceptible to numerical noise. In the calculations reported below
s = 4∆x was selected; a choice that has been further discussed below.
2.3.3 Flame stretch
The stretch rate K measures the rate of distortion of the flame surface due to its growth and the nonuniform
flow field it propagates into. A general expression for flame stretch, in the form
K = Vf κ− n·∇×(v∗×n) , (2.12)
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was given by Matalon [65] and will be used for evaluating the flame speed. It consists of (i) a surface dilatation
component resulting from the motion of a curved flame whose local curvature is κ, and (ii) a surface extension
component resulting from the velocity gradient along the flame surface, represented respectively by the two
terms on the right hand side of (2.12). This expression can be implemented numerically as follows: the
curvature is obtained from κ=−∇· n and is readily available once the level set function is known, and the
curl operation can be easily performed on the Cartesian mesh, after projecting the interfacial value v∗ along
the unit normal vector at that location [58].
2.4 Non-dimensionalization
The fuel and oxidizer type, the composition of the mixture and its physico-chemical properties determine the
laminar flame speed S
L
, the thermal expansion σ and the Markstein length L. Since only L > 0 is considered
in this work, the focus is on mixtures deficient in the heavier component, such as lean hydrocarbon-air or rich
hydrogen-air mixtures. If the size L, which represents the hydrodynamic length, the laminar flame speed S
L
and the flow time L/SL are used as units of length, speed and time, and pressure is nondimensionalized with
respect to ρuS2L , the problem involves three dimensionless parameters: the Markstein number M = L/L,
the thermal expansion σ and the Reynolds number Re = µ/LρuSL . In order to emulate the hydrodynamic
model the Reynolds number, proportional to δ−1, must be chosen sufficiently large such that viscous effects
add only a small degree of dissipation to an otherwise inviscid flow. The value Re = 106 was assumed in
all the reported simulations. We note parenthetically that M differs from the conventional definition of
Markstein number, typically scaled with the flame thickness l
f
, by a factor δ = l
f
/L, which can be easily
estimated for various mixtures, as illustrated in [55].
2.5 Turbulent inflow
As the primary objective of this work is to understand the propagation of premixed flames in turbulent
environments for a wide range of operating conditions, it is important to ensure that the present methodology
is computationally efficient and thus affordable. While examining the effects of different operating conditions
like Markstein numberM, turbulence intensity u′/SL measured as the r.m.s of the velocity fluctuations and
the integral scale `/L on flame propagation, it is essential to ensure that the system reaches a statistical
steady state. Only after this is achieved should any quantity of interest be analyzed by statistically averaging
it over a large number of realizations and eddy turn-over times. It is also important that final estimation of
quantities like turbulent flame speed or probability distribution functions of flame brush be approximated
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Figure 2.2: Turbulence kinetic energy spectrum of the pre-generated field showing the characteristic −5/3
slope of the inertial subrange for a range of integral scales `/L
by performing an ensemble average over atleast 20-30 eddy turn-over times to accurately represent an
instantaneously unsteady dynamic system. In the present simulations, this was done by choosing a minimum
averaging period of 40-60 eddy turn-over times spread over atleast 600-1000 realizations after a statistical
steady state was achieved. Since, such calculations can easily become geometrically expensive as the number
of parameters increase, therefore optimizing the performance of the code is crucial. The present numerical
methodology was parallelized using an MPI implementation to keep it computationally affordable.
In order to simulate turbulent flame propagation, a pre-generated realization of homogeneous, isotropic
turbulence characterized by an intensity u′/SL, measured as the r.m.s of the velocity fluctuations and an
integral length scale `/L was developed using TuGen [66, 67], a turbulent field generator based off Mann’s
method of generating divergence-free turbulence [68]. To ensure a large number of independent realizations,
the pre-generated field was simulated on a large domain of L × 64L × L with a zero mean flow. These
turbulent fluctuations were then superposed with a mean flow velocity and provided as an inflow to the flame
propagating in a relatively smaller domain of size L×4L×L. The creation of the turbulent fluctuations on a
much larger domain was done to ensure that each instantaneous turbulent realization was not correlated in
time such that there was no inherently imposed periodicity to the problem. The turbulent field was verified
to be homogenous, isotropic and divergence-free with auto- and cross-correlation functions agreeing with
theoretical predictions by von Karman [69]. A sample calculation of the one-dimensional turbulent kinetic
energy spectrum shown in Fig. 2.2 for a range of integral scales shows that the turbulent field is indeed able
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Figure 2.3: Closed-loop control system of mean flame position and turbulence intensity with the resulting
mean inflow speed for σ = 5 plotted against time t,M−1 = 50, target input position = 1.5 and u′/S
L
= 1.0.
to capture the −5/3 slope characteristic of the inertial subrange in fully-developed turbulent flows.
As mentioned above, achieving a statistical steady state is essential when examining the effect of pa-
rameters like the turbulence intensity, Markstein number etc. on the turbulent flame propagation. To
this end, a control system using a PID-like (proportional-integral-derivative) closed loop control strat-
egy is employed to independently monitor the mean flame position and turbulence intensity close to the
flame at user-specified values. In order to statistically keep the flame at a fixed location along the direc-
tion of the flow (along y-direction), the mean inflow velocity vin is modulated via the following equation:
dvin/dt = −Kp e(t) −Kd e˙(t), where e(t) and e˙(t) = de/dt are the proportional and temporal derivatives
of the error between the instantaneous mean flame position and the user input respectively. The constants
Kp and Kd are appropriately tuned such that mean flame position is consistently maintained at the target
value. A concurrent control system is applied on the inflow turbulence intensity u′/SL so as to maintain the
mean intensity close to the flame on the unburnt side at a specified value. Figs. 2.3 shows a test simulation
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Figure 2.4: Schematic of the PID control system used to control mean flame position and turbulence intensity
u′/S
L
.
for M−1 = 50 and `/L = 0.1 where the user-specified target flame position and turbulence intensity are
1.5 and 1.0 respectively. As observed, the control system is able to provide critical damping for mean flame
position in Fig. 2.3a and turbulence intensity Fig. 2.3b thereby allowing a statistical steady state to be
reached. The resulting mean inflow velocity shown in Fig. 2.3c will be referred to as the turbulent flame
speed of propagation S
T
/S
L
.
A schematic of such a control system is also shown in the Fig. 2.4, where based on the user-input, the
control system modulates the instantaneous turbulence intensity and mean flow speed using the strategy
described above. The colored contours shown in the figure are isosurfaces of the Q-criterion which primarily
represents regions of intense vorticity. The primary advantage of such a flow control system is that it ensures
a statistical steady state while maintaining other quantities of interest like the turbulence intensity, unlike
full fledged DNS studies where these can change continuously over the course of the simulation. As an
example, in the work by Chen and Im [70], it is mentioned that - “Over the course of the simulations, the
turbulence intensity decays by approximately 10%”. Another approach popularly taken to avoid any decay
is to constantly pump energy into the system to maintain the mean turbulence intensity [35] or to use a
similar control system as ours for maintaining the flow position [71].
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Chapter 3
Nonlinear development of
Darrieus-Landau instability in
laminar flows
The main objective of this chapter is to investigate the nonlinear flame development that results from the
Darrieus-Landau (DL) instability in a more realistic three-dimensional flow setting, with the flame an actual
two-dimensional surface. Despite the simplification of the hydrodynamic model, its numerical implemen-
tation is nontrivial and challenging, requiring a robust hybrid Navier-Stokes /front-capturing scheme as
discussed in the previous chapter. Such a methodology has been shown to be accurate for two-dimensional
flows, where the flame is practically a curve [21], and was used to examine the nonlinear development of the
DL instability [22]. These studies substantiate the conclusions drawn from the Michelson-Sivashinsky (MS)
model [15], that beyond the instability threshold a single peak structure develops with wide curved troughs
and a sharp crest pointing towards the burned gas, and that the amplitude and propagation speed of this
new structure are significantly larger the stronger the instability becomes. Although aspects of the problem
have been addressed by numerical simulations [25], the results presented below constitute the first system-
atic study of the bifurcation phenomena in three-dimensions. These results provide further insight into the
topology and propagation speed of the steadily-propagating structures that ultimately evolve. Features of
the induced flow caused by the instability and resulting from the gas expansion are also discussed.
3.1 Linear stability of planar flames
A planar flame steadily propagating into the quiescent mixture is a simple solution of the hydrodynamic
model that can be expressed in closed form and can be easily simulated numerically using the above method-
ology. Assuming that the flame propagates downwards along the negative y-axis, the vertical gas velocity
and pressure field are given by
v =
 0(σ − 1)S
L
p =
 0 for y < −SLt−(σ − 1)ρuS2L for y > −SLt
with y = −S
L
t representing the flame front and separating the fresh mixture from the combustion products.
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The linear stability analysis of the planar solution, which is similar to the corresponding two-dimensional
case discussed in [23], yields the dispersion relation
[σ+1+kL(σ−1)]ω2 + 2(1+kLσ)σkS
L
ω − [σ−1−kL(3σ−1)]σk2S2
L
= 0 (3.1)
where ω is the growth rate of a disturbance of wavenumber k =
√
k2x + k2z , with kx, kz the wavenumbers
in the x, z directions, respectively. When L = 0 the DL growth rate is recovered and the flame is unstable
to all wavenumbers. When L > 0, diffusion effects act to stabilize the short wave disturbances and only
disturbances with wavelength λ ≡ 2pi/k > λc are amplified by the DL instability. The critical wavenumber,
as observed from (3.1), is given by λc = [(3σ−1)/(σ−1)]2piL. Hence, in domains of lateral size L < λc the
planar flame is unconditionally stable. Expressed in terms of the scaled Markstein number M = L/L, the
condition for absolute stability is
M >Mc , Mc = 12pi
(
σ − 1
3σ − 1
)
. (3.2)
When L < 0, the short wave disturbances also grow implying that thermo-diffusive instabilities develop in
addition to the hydrodynamic instability, a scenario which is not discussed in this work. While linear theory
correctly predicts the initial growth of hydrodynamically unstable flames, when the disturbance amplitudes
become sufficiently large, nonlinear effects must be accounted for. This nonlinear evolution is discussed next,
based on the numerical methodology described previously.
3.2 Computational domain
For the results presented below, the closed loop strategy is not used and the flame is allowed to propagate in
a quiescent medium. Numerical simulations are carried out in a box of cross section L×L, as shown in Fig.
3.1, with periodic boundary conditions imposed on the transverse planes. The flame is taken to propagate
vertically (downwards), with the origin selected as the mean position at time t = 0. The mixture, at the
bottom of the box is at rest and the pressure is constant. Outflow conditions are assumed at the top. The
height of the box is selected as needed, to ensure that steady state conditions have been reached while the
flame remains in the domain of integration and sufficiently far from the lower boundary.
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Figure 3.1: Schematic of the computational domain, with an illustration of a corrugated flame surface
propagating downwards.
3.3 Weakly nonlinear results
It is instructive to first examine the limit of small heat release or weak thermal expansion; i.e. σ−1 1. Since
in this limit the DL growth rate is relatively small, the evolution occurs on a slow time scale τ = (σ − 1) t
with the flame front modestly perturbed and explicitly expressed in the form
y = −τ + (σ−1) ψˆ(x, z, τ) . (3.3)
Due to the small heat release the induced flow is relatively weak, and the resulting linearized NS equations
can be solved analytically to determine v∗. The flame speed relation (2.5) then yields a single equation for
the flame displacement ψˆ(x, z, t), namely
ψˆt + 12 (∇ψˆ)2 − α∇2ψˆ − 12 I{ψˆ} = 0 , (3.4)
first derived by Sivashinsky and known as the Michelson-Sivashinsky (MS) equation [15]. The operator
I{ψˆ} = 18pi2
∞∫∫∫∫
−∞
|k|eikx(x−ξ)+ikz(z−ζ) ψˆ(ξ, ζ, τ) dkxdkzdξdζ
is a linear, nonlocal operator which in Fourier space is merely a multiplication by the wavenumber |k|; e.g.,
I{ei(kxx+kzz)} = |k|ei(kxx+kzz), and α = M/(σ−1) is the reduced Markstein number. The first two terms
in (3.4) are the simplification of the propagation speed V
f
. The third term represents the effect of curvature
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Figure 3.2: Comparison of the numerically computed flame surface and the exact analytical solution for
σ = 1.1 and M = 0.001.
and is the only contribution to stretch that remains in the present context. For the weakly disturbed flow
considered, the effects of strain are negligible. The last term represents the induced gas velocity due to gas
expansion.
On a finite domain with periodic boundary conditions, the one-dimensional MS equation admits exact
solutions of the type
ψˆ(x, τ) = −Uτ + Ψ(x), (3.5)
known as “pole solutions” [16, 17, 18], corresponding to cusp-like profiles that propagate in the negative
y-direction at a speed U without change in shape. The overall propagation speed of the flame would then
be [1 + (σ−1)2 U ] in units of S
L
. The profiles Ψ(x) have relatively shallow troughs and sharp crests pointing
towards the burned gas. The planar flame ψˆ = 0, or the zero-pole solution, is the only stable solution
for α > αc, where the critical αc = 1/4pi in agreement with (3.2). For α < αc, there is one, and only
one stable pole solution [19, 20] obtained as the long-time equilibrium solution of the MS equation for any
initial condition. The analytical expression Ψ(x) of the stable pole solution, and the corresponding speed
can be found in the referenced paper. When decreasing α, the propagation speed U increases and reaches
the asymptotic value U = 0.125 as α→ 0.
It can be easily verified that the superposition of two uniformly propagating pole solutions of the form
(3.5), say ψˆ1(x, τ) and ψˆ2(z, τ), is a solution of the two-dimensional MS equation. The solution
ψˆ(x, z, τ) = −(U1+U2)τ + Ψ1(x) + Ψ2(z) (3.6)
has a tent-shape conformation with ridges or creases formed along its surface, as shown in Fig. 3.2(a), and
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Figure 3.3: Comparison of the numerically computed flame surface and the exact analytical solution for
σ = 1.1 and M = 0.001; the figure shows traces of the flame surface on different planes, obtained by slicing
the surface with the corresponding plane.
propagates at a speed U = U1 +U2. The overall propagation speed of the flame surface is then [1+(σ−1)2 U ]
in units of S
L
.
The first numerical test of our hybrid NS/level-set methodology is to consider the case of a weak thermal
expansion and compare the results to the exact analytical solution (3.6). Figure 3.2(b) shows the long-time
behavior of a numerical simulation carried out for σ−1 = 0.1 and Markstein number M = 0.001, where the
flame conformation appears very similar to the one in Fig. 3.2(a) representing the exact solution. The slightly
smoother flame tip seen in the numerical simulation is due to numerical diffusion. A direct comparison of
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Figure 3.4: Comparison of the numerically calculated (symbols) propagation speed U with the exact values
of the analytical solution (solid curves) in two- and three-dimensional flows, for σ = 1.1.
the numerical and exact solutions is shown in Fig. 3.3 where traces of the flame surface on the z= 0, z=x
and z= 0.5 planes are shown in (a), (b) and (c), respectively. In all cases a very good quantitative match
exists between the analytical and numerical solutions. The trace on the z=0 plane, which is also obtained
as the curve representing the flame in the numerical solution of a two-dimensional flow, agrees with the pole
solution (3.5) and has half the amplitude of the entire flame illustrated by the trace on the diagonal plane
z = x. As a result, the trace on the mid-plane z = 0.5 is elevated creating a sharp ridge, or a crease on the
flame surface. These creases have a direct consequence on the total surface area and stretch rate experienced
by the flame, and will be further discussed below.
The propagation speed, obtained by tracking the flame surface in time after steady conditions have been
reached is plotted for two- and three-dimensional flows in Fig. 3.4, and is compared to the corresponding
analytical result. The figure shows the incremental increase in propagation speed of the corrugated flame
over a planar one, for α−1 > α−1c ≈ 12.566. Overall, a good agreement is obtained between the numerical
and exact solutions. The smaller error seen for the two-dimensional case is due to the ability to run the
simulations at double the resolution used for the three-dimensional case, which is computationally affordable.
The results highlights that the flame speed of a two-dimensional flame surface is twice the speed of the one-
dimensional flame curve, and that the propagation speed U tends respectively to 0.25 and 0.125 as α→ 0.
3.3.1 Nonlinear evolution
Next we examine the nonlinear evolution of the flame for realistic values of thermal expansion. Unless
otherwise specified, all simulations assume σ = 5. As a reference we note that the bifurcation point, as
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predicted by linear theory corresponds to M−1c ≈ 21.98. For Markstein number M−1 <M−1c , the planar
flame front is stable and is the preferred mode of propagation. When subjected to arbitrary perturbations
the flame evolves in time into a planar shape. For M−1 >M−1c , the planar flame is no longer stable and
small disturbances superimposed on the flame surface grow in time. Based on linear theory, the amplitude
A of a perturbation of wavenumber k grows exponentially as predicted by (3.1); namely A ∼ A0 exp(ωt),
where A0 is the initial amplitude. In Fig. 3.5 we show a comparison of the initial growth rate of the flame
amplitude based on a simulation initialized by perturbing the planar flame front with a cosine profile in x
and z and of the analytical growth rate obtained from linear theory. The comparison is shown for three
values ofM and, in all cases, the early development of the simulations follows the linear stability predictions.
Similar to the MS model the flame, beyond the initial linear growth, develops into a corrugated structure
that propagates steadily without changing shape. The stable flame can be described explicitly by
y = −U
L
t+ Ψ(x, z) (3.7)
where, unlike U which has been used before for the increment increase in speed above the speed of the planar
flame, U
L
here is the total propagation speed. An illustration is shown Fig. 3.6(a) forM−1 =50. Starting at
t=0 with a surface created by random perturbation, the small cells on the surface of the flame coalesce to
form bigger cells, and these eventually develop into one large structure with a single peak pointing towards
the burned gas. The propagation speed, which varies in time during the flame evolution, tends to a constant
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Figure 3.5: Comparison of the computed growth rate during the early development of a perturbation of
wavelength λ = 1 (symbols) and the analytical growth rate from linear theory (solid lines), for several values
of the Markstein number.
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(a) Flame development from arbitrary initial conditions (b) History of the flame amplitude
Figure 3.6: Flame surface evolution starting with arbitrary (random) initial conditions; the flame shape at
four consecutive times is shown in (a) and the corresponding amplitude is shown (b); the symbols identify
the four instances selected in (a).
value, U
L
≈ 1.29S
L
, with the flame retaining a constant shape described by Ψ(x, z). In Fig. 3.6(b) we
show the time history of the flame amplitude, defined as the distance between the maximum and minimum
y-positions, starting with t= 0.06. The symbols on the graph identify the four flame snapshots shown in
Fig. 3.6(a). At t = 0.5 the amplitude is the smallest and the flame is nearly flat. But since the planar
flame is unstable, the perturbed flame continues to evolve, reaching a steady state at nearly t= 2.8. The
emerging structure resembles the flame conformation predicted by the MS equation, but being generated
from arbitrary initial conditions, lacks the symmetry seen in Fig. 3.2. The location of the crest depends
strongly on the initial conditions and can be made to remain at the center of the box, as in Fig. 3.1, by
properly selecting the initial profile.
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3.3.2 Dependence on Markstein number
We now examine the dependence of the stable cusp-like structures and their speed on the Markstein number.
Each simulation is initialized by perturbing the planar flame front using cosine profiles in x and z and allowing
for the solution to develop in time until steady conditions are established. The propagation speed U
L
is then
obtained by tracking the flame surface in time.
Examining first the propagation speed near the bifurcation point, we note that the exact bifurcation
point determined from linear theory cannot be precisely recovered in the simulations. The exact value of
Mc was determined from an asymptotic theory that treated the flame as a surface of density discontinuity.
The simulations, on the other hand, were carried out by selecting a small values for the numerical flame
thickness h used to smear the jump in density, and for the width s of the delta function used to evaluate
interfacial properties. Ideally, h and s must be selected as small as possible, but as shown in Fig. 3.7 there
is a tradeoff between the prediction of the bifurcation point and the accuracy of the propagation speed.
The figure shows the propagation speed U
L
as a function of 1/M in the vicinity of the bifurcation point
(marked by the symbol N) for several values of h and s. We note, that although with small values of
these parameters, a reasonable approximation to the bifurcation point is obtained, the propagation speed
of subcritical flames (ideally, U
L
=1) is significantly underestimated. Increasing the values of h or s yields
a significant improvement in the propagation speed but adds stability to the flame which causes a delay in
the bifurcation point. A judicious balance between the choices of these two parameters must therefore be
made. The reported results are based on the values h= 5∆x and s= 4∆x, except for the results shown in
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Figure 3.7: The flame propagation speed near the bifurcation point, showing the variations of the bifurcation
point from the theoretical value, marked with a N symbol, for several values of the numerical flame thickness
h and width of the delta function s.
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Fig. 3.5, where smaller values (h= 3∆x, s= 3∆x) have been used to minimize the delay of the bifurcation
point and ensure that the comparison is made for the same Markstein numbers.
The dependence of the propagation speed of the stable cusp-like flames on M−1 for two- and three-
dimensional flows is shown in Fig. 3.8(a), where the bifurcation from a planar flame front to a cusp-like
structure is demonstrated whenM−1 exceeds a critical value. For subcritical conditions the flame is planar
and propagates at a constant speed (theoretically equal one), whereas forM−1>M−1c the propagation speed
is much larger than unity and increases with increasing M−1. Moreover, two-dimensional flame surfaces
(i.e., flames in three-dimensional flows) translate in speeds 50% larger than those of the corresponding flame
curves (i.e., flames in two-dimensional flows). The increment in speed above the speed of a planar flame in
two- and three-dimensional flows, is shown in Fig. 3.8(b) along with the overall flame surface area. The match
between the two verifies that the increase in propagation speed is entirely due to the higher consumption
rate that results from the larger surface area.
The variations of the flame surface conformation resulting from increasing M−1, namely when the DL
instability strengthens, are shown in Fig. 3.9. It is evident that the more unstable flames are taller with
sharper peaks pointing towards the burned gas region and with elongated creases along their surface.
3.3.3 The induced flow
As noted earlier, the DL instability results from the large change in density caused by heat release during
combustion. The gas expansion induces a flow in the unburned gas driven from the troughs of the flame
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Figure 3.8: Bifurcation diagram showing the dependence of the flame propagation speed U
L
on the reciprocal
of the Markstein number M−1, for σ = 5. The N symbol in (a) corresponds to the exact bifurcation point
M−1c .
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Figure 3.9: Variation in flame surface conformation for increasing values of the instability parameter M−1
(or decreasing values of the Markstein number).
surface towards the crest and supporting the sharp rise of the flame surface towards the burned gas. As the
flame propagates downwards, the gas moves upwards at significantly large speeds as shown in Fig. 3.10(a),
which displays the velocity field on a plane. The color shades in the figure correspond to the magnitude of
the axial velocity component. The flow pattern is illustrated by the streamlines, which are deflected upon
(a) Velocity field and streamline pattern (b) Vorticity field
Figure 3.10: The flow field induced by the instability illustrated by (a) the velocity field and flow pattern in
the plane and (b) the vorticity field
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Figure 3.11: Vorticity produced at the flame; the figure shows the three vorticity components projected on
two perpendicular planes x = 0.5 and z = 0.5.
crossing the flame surface and become parallel again only at large distances downstream. In Fig. 3.10(b)
we show the vorticity field, where the color shades correspond to the magnitude of the vorticity vector.
Vorticity is generated at the highly curved sections of the flame with the largest amount produced at the
highly curved crest and a significant amount along the creases. The vorticity is then convected downstream.
It has been shown [11] that the vorticity produced at the flame is primarily due to baroclinic production
with the main components being in the transverse directions to the flame surface where a pair of counter-
rotating vortices are formed; the component of vorticity normal to the flame surface is preserved across it to
leading order. In Fig. 3.11, we show that the variation of the vorticity components obtained in the simulations
are in accord with this result. Shown in the figure are the axial and transverse vorticity components in two
perpendicular planes, x = 0.5 and z = 0.5. On both planes the vertical component of vorticity ωy (blue
curve) is practically zero. The x-component of vorticity, when projected on the plane x = 0.5, will have
positive/negative vorticity on the opposing sides of z = 0.5 (red curve), but when projected on the z = 0.5
plane will be nearly constant. The z-component of vorticity shows practically the same behavior as ωx due
to the periodic nature of the flow field and the symmetrical shape of the flame surface making the x- and z
components mirror images (with minor numerical inaccuracies) of each other.
Due to the highly curved flame surface and the ensuing straining flow field created in its vicinity, the
flame is stretched, with sections of the flame surface positively and other negatively stretched, or compressed.
Fig. 3.12 maps the stretch rate over the entire flame surface, and shows iso-contours of constant value of K
on the projected x-z surface. The relatively smooth troughs are positively stretched, whereas the crest and
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Figure 3.12: Variation of the local stretch rate along the flame surface.
the creases formed on the flame surface are highly compressed. The maximum compression rate occurs at
the crest (i.e. at the cusp), and it increases when the crest becomes sharper with increasing M−1, namely
as the flame becomes more unstable.
The high negative stretch rate along the cusp and creases lead to a significant increase in local flame speed,
as shown in Fig. 3.13, where the local flame speed S
f
is marked at various points along rays corresponding
to fixed polar angle θ. The figure identifies the four creases as regions where the local flame speed is almost
twice as large as the flame speed along the troughs with the four points of largest value highlighting the
cusp on the flame surface. The wide regions with minimal values are the positively stretched trough regions,
seen in Fig. 3.12 in blue.
0 pi/2 pi 3pi/2 2pi
θ
0.8
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Figure 3.13: Variation of the local flame speed along rays, for various polar angles θ.
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Chapter 4
Influences of Darrieus-Landau
instability on turbulent flames
In this chapter, we extend our calculations to homogeneous isotropic turbulent flows and examine the effects
of fluctuations in the turbulent flow field on different aspects of flame propagation like surface topology,
wrinkling etc. As mentioned in Sec. 2.5, the calculations are run on a computational domain of dimensions
L × 4L × L, with periodic boundary conditions in the transverse directions, outflow on the top and inflow
boundary condition on the bottom of the domain. A mean flow superposed with the turbulent fluctuations is
supplied from bottom with the flow velocity and turbulent intensity just ahead of the flame modulated by the
closed loop control system (see Fig. 2.4) and maintained statistically at user-defined values. Such a strategy
allows for systematic investigation of the impact of the DL instability on flame behavior while keeping other
parameters constant. The simulations presented in this chapter are run for a range of turbulent intensities
0.1 ≤ u′/S
L
≤ 1.5 for selected values of the Markstein number M−1 in the range 22.7− 75.2. The thermal
expansion coefficient and the turbulence integral scale are set at σ=5 and `/L=0.1 as shown in Table 4.1.
σ M−1 u′/S
L
`/L
5 22.7 - 75.2 0.1 - 1.5 0.1
Table 4.1: Parametric space used for simulation.
For the turbulent intensities considered in this chapter, the flame has a tendency to fold and form pockets of
unburned gas which pinch-off and eventually get consumed. Since, the flame can no longer be represented
by a single valued surface as in eq. (3.7), therefore a generic representation of the surfaces with disjointed
interfaces is required. To this end, the surface parametrization and interfacial quantities calculation presented
in Sec. 2.3 is seen to be best suited with a representative snapshot of a multivalued turbulent flame shown
in Fig. (4.1). The incoming turbulent flow in the figure is highlighted by the isosurfaces of the Q-criterion
which practically represent regions of intense vorticity [72, 73, 74]. Though the hydrodynamic model allows
for arbitrary flame topologies and flow perturbations, it is strictly only valid for weak stretch. In particular,
the turbulent intensities considered in this work are limited such that S
f
is positive everywhere on the flame
surface. Therefore, the flame extinction criteria and thereby the parametric space of simulations is restricted
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Figure 4.1: Representative snapshot of a turbulent flame (grey surface) for a supercritical flame withM−1 =
50, σ = 5 and u′/S
L
= 1.5. The turbulent flow is illustrated by isosurfaces of the Qcrit = 100.
by the local flame speed becoming negative.
In the following sections, we characterize the effects of turbulence on flame topology, local interfacial
quantities like curvature and flame surface conformations. Since the DL instability is primarily a consequence
of thermal expansion, therefore the results presented below are run under three different conditions, namely
a non-reacting interface, a subcritical flame which is inherently stable and a supercritical flame under the
influence of the DL instability. The non-reacting flow is simulated by propagating a passive interface in a
turbulent constant density flow with no feedback of the interface propagation to the Navier-Stokes solver
due to the absence of any dilatation, see eq. (2.8). Each of these cases is run for a range of turbulence
intensities at a fixed integral length scale. Once a statistically stationary steady state is reached, all post-
processing is done by statistically averaging over atleast 600-1000 realizations spread over minimum 20 time
units to ensure the accuracy of the statistical analysis of the data. Though as an estimate, the presence of
the instability is identified based on the critical Markstein number from linear stability analysis as defined
for laminar flames, Mc = (σ−1)/2pi(3σ−1). However, probability distribution functions of flame position,
surface curvature etc. can be used for a more systematic identification of the DL instability, which is one of
the primary objectives of this chapter.
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Figure 4.2: Instantaneous snapshots of fluctuating flames for two-dimensional flows under increasing values
of turbulence intensity.
4.1 Flame topology and surface wrinkling
In a previous study by Creta and Matalon [23], two distinct regimes of flame propagation; i.e.; subcritical and
supercritical were identified using flame brush distributions as one of the key methods of identification. Since,
it is more difficult to visualize multiple flame surfaces in three-dimensional flows, therefore as an example, a
representative calculation of the same is shown in Figs 4.2(a) and 4.2(b) for two-dimensional flows, where the
flame is a curve. Plotted in these figures are the instantaneous snapshots of the flame superimposed on each
other about a mean position as modulated by the closed loop control system. For low turbulence intensities,
the subcritical flame brush in Fig 4.2(a) remains nearly planar with no apparent preferred orientation towards
the unburned/burned regions. Moreover, as the turbulence intensity increases, the flame brush thickens with
the flames experiencing larger fluctuations and developing frequent folds and pockets of unburned gas and for
the largest values of intensity u′/S
L
, the flame no longer bears resemblance to the nearly planar conformations
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observed at lower intensities. On the other hand, the supercritical flame in Fig 4.2(b) at low intensities shows
its characteristic cusp-like structures pointing into the burned gas. These structures appear to be resilient
to turbulent fluctuations and preserve their general shape translating in the transverse direction. As the
turbulence intensity is increased, the flame surface again develops folds that eventually pinch off forming
pockets of unburned gas, that are rapidly consumed by the flame. Similar to the subcritical flame, for higher
values of turbulence intensity, supercritical flames completely loose their characteristic structure and develop
a flame brush primarily dominated by the background turbulent fluctuations with no visible effect of the
DL instability. This observation and the existence of a regime with no DL influences has also been observed
theoretically [75], experimentally [76, 52, 77] and via simulations [78] and is further examined below for
realistic flames under three-dimensional turbulent flow fields.
One of the key methods of characterizing the orientation of an interface is to plot the pdf of its mean
position, shown in Fig. 4.3 for a non-reacting flow and a flame with two values of Markstein numberM−1 =
22.7, 75.2. In the simulations presented here, the desired location of interface/flame provided to the PID
controller for adjusting the mean inflow speed was set as y = 1.5, marked by the dashed curve in each plot.
Care was taken to ensure that this position is sufficiently far from the lower boundary to allow for the induced
flow to interact with the turbulent flame and at the same time is far away from the upper boundary to allow
for the interface to form pockets, eventually leading to their consumption. As seen in Fig. 4.3a, a passive
surface shows no statistical preference towards the unburned/burned regions of the flow field and is therefore
symmetrically located about its mean position. This is not entirely surprising since for a non-reacting flow,
as a passive interface has no effect on the surrounding flow field and therefore should show no affinity to
any particular distribution. Additionally, as the turbulence intensity increases, the pdf begins to widen due
to larger fluctuations of the surface, though still retaining its symmetrical nature. Similar behavior is also
seen for a subcritical flame which unlike a passive interface has a density variation across the interface and
actively therefore also affects the surrounding flow field. However, as Fig. 4.3b shows, a subcritical flame
still exhibits a symmetric distribution about its mean position with a widening pdf with increasing intensity.
The width of this distribution also gives an estimate of the flame brush thickness which can be used to
quantify the effect of turbulence intensity on flame fluctuations.
This observed behavior changes when a supercritical flame is subject to a turbulent flow field, seen in
Fig. 4.3c. The asymmetric bimodal pdf and the extended tails of the pdf towards the burned gas is a direct
consequence of the sharp crests/creases and wide troughs reminiscent of the DL instability, clearly seen
for laminar flames in Fig. 3.9. As the turbulence intensity increases, the pdf begins to loose its bimodal
distribution and widen, indicating a thickening of the flame brush. A comparison of all three cases at
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Figure 4.3: PDF of the position of a passive interface and sub/super-critical flame in a turbulent flow
u′/S
L
= 1.0 in Fig. 4.3d shows that at moderate turbulence intensities, the subcritical flame exhibits a
symmetrical pdf of the flame position about the mean similar to a passive interface. The primary impact of
heat release comes primarily through the DL instability which results in an asymmetric pdf and a thicker
flame brush.
Flame curvature pdfs in Fig. 4.4 show that at a low turbulence intensity of u′/S
L
= 0.3, the pdf for a
subcritical flame (M−1 = 22.7) is nearly symmetric about zero, confirming that the flame brush is indeed
planar on average as seen before. However, for values of Markstein number over the stability threshold
(M−1 = 77.2), the DL instability exhibits a clear bias in the pdf of surface curvature. The asymmetric
distribution with a bias towards larger negative curvatures corresponds to the sharp crests and creases,
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Figure 4.4: PDF of flame curvature for a subcritical (M−1 = 22.7) and supercritical (M−1 = 75.2) flame.
whereas the small positive curvatures arise from the rounded troughs on the flame surface. Similar to
before, as the turbulence intensity increases, the pdf begins to widen encompassing a larger range positive
and negative curvatures and starts to loose its asymmetry.
Such effects cause the curvature pdf of M−1 = 22.7, to exhibit similar behavior to the pdf of flame
position. As turbulence intensity increases, the pdf starts to widen encompassing a larger range of positive
and negative curvatures, while staying symmetric with a zero mean. Similar to flame position, the curvature
pdf for M−1 = 75.2 is also asymmetric at low turbulence intensities. The peak of the pdf, corresponding
to small positive curvatures arises from the rounded troughs of the flame surface, and the large negative
curvatures correspond to the highly pointed crests. With increasing intensity the pdf widens and loses
its asymmetry. In a DNS study of turbulent premixed flames, Treurniet et. al. [79] observed similar
asymmetric pdfs of flame position extending towards the burned gas for a thermal expansion coefficient
σ = 5 and intensity v′/SL = 2.35. Skewed pdfs of flame surface curvature towards negative values were also
observed by Echekki and Chen [80] using a DNS simulation for premixed methane/air flames at a turbulence
intensity of u′/S
L
= 4.2.
One way to quantify the extent of wrinkling of a flame surface is to plot the conditional pdf of each
of the component of the normal vector to the interface. By definition, the flame surface normal points
towards the burned gas with the y-direction describing the direction of mean flame propagation. In the
current simulations, the computational domain is subject to periodic boundary conditions in the transverse
directions, x and z. Therefore, though presented here, we will only focus on one of the transverse component
of flame surface normal in Fig. 4.5 which shows the PDF’s of the x-component of the surface normal vector.
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Figure 4.5: PDF of nx for a passive interface and sub/supercritical flame in a turbulent flow
The observations thereby made can be directly interpolated to the pdf for nz due to the periodic nature of the
calculations. Figs. 4.5a-b show that both the passive interface and the subcritical flame exhibit symmetric
pdfs with a mean about zero, reminiscent of a typical planar flame as shown previously through pdfs of
flame curvature. With increasing intensities, the pdf begins widen, clearly indicating an interface with large
number of fluctuations. For a Markstein number beyond the stability limit in Fig. 4.5c, the pdf is starkly
different with peaks in both the negative as well as positive regions even for very low turbulent intensities
due to the presence of cusps/creases on the flame surface. This unique distribution also begins to weaken as
the turbulent intensity increases.
Another key identification of the wrinkling of an interface is the conditional pdf of the component of the
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surface normal vector along the mean flow direction ny. Since the flame has a tendency to propagate into
the unburned gas in a direction perpendicular to its surface normal, therefore any value of ny < 0 indicates
a scenario when the flame certainly is multivalued; i.e.; has formed folds on the surface or is pinching off
into pockets of unburned gas.
Since the cusp-like structure of a supercritical flame will have a direct impact on the conditional pdf
of ny, we begin by considering a supercritical flame (M−1 = 75.2, σ = 5) under laminar flow conditions
in Fig. 4.6. The original flame surface in Fig. 4.6a is separated and broken down into its characteristic
regions with cusp/creases and troughs show in Figs. 4.6b-d. Each of these surface profiles characterizes a
key component of the supercritical flame surface and therefore by plotting the conditional pdf of ny for each
component separately as done in Fig. 4.6e, we see that bimodal structure of the pdf is clearly a result of
the highly negatively stretched regions of the flame. A typical profile in the absence of the any cusp/creases
would have a single peak near unity.
This conditional pdf of ny of a supercritical flame is compared with that of a passive interface and
subcritical flame in Fig. 4.7a. It seen that near moderate intensities of u′/S
L
= 1.0, a turbulent passive
interface begins to develop folds and pockets as its pdf starts to exhibit negative values of ny. The clear
peak of the pdf at both intensities near one shows that the non-reacting interface has a general tendency
to be nearly planar, as also indicated by Fig. 4.5a. This is also the case when looking at a subcritical
flame in Fig. 4.7b, which despite developing perturbations on the surface, remains primarily planar. As the
turbulence intensity increases, the pdf begins to widen as expected due to the flame surface getting perturbed
by larger velocity fluctuations and it is possible that at much higher intensities, could develop multivalued
conformations. This however is very different when considering a supercritical flame in Fig. 4.7c, where
under near-laminar conditions (u′/S
L
= 0.1), the conditional pdf has a bimodal distribution with both
peaks near 1. Now, as the turbulence intensity increases, the flame begins to develop more multivalued
topologies with the conditional pdf extending into negative values of ny. It is clear from this that given any
turbulence, the presence of the DL instability increases the probability of a flame to fold and form pockets
as compared to both stable flames as well passive interfaces. Though the current simulations were only run
for low turbulence intensities, but it might be possible that similar to flame topologies in Fig. 4.2 for two
dimensional flows, at higher turbulent intensities, the incoming turbulent flow may begin to overshadow
any characteristics structures present due to thermal expansion. Similar observations have also been made
by Hamlington et. al. [81] in their DNS study of H2-air flames for high Karlovitz numbers at turbulence
intensities ranging from u′/S
L
= 2.45− 30.6.
To further examine the local conformations formed on the flame surface, we examine the conditional
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Figure 4.6: Characterization of the conditional PDF of ny for different topologies of a supercritical flame in
a laminar flow at M−1 = 75.2 and σ = 5.
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Figure 4.7: PDF of ny for a passive interface and sub/supercritical flame in a turbulent flow
pdfs of the shape factor, which is the ratio of the smallest to the largest principal curvatures of any point
on a generic interface [82, 83, 84]. With this definition, the shape factor is constrained to values between
-1 and 1. For values of unity, both principal curvatures of the surface are identical and thus, the surface
is locally spherically curved. When the shape factor is 0, one of the principal curvature becomes zero
and so the flame is said to be cylindrically curved. However, as the shape factor becomes -1, the mean
curvature of the interface is zero and therefore the flame surface is represented by a saddle point, which
can be practically viewed as a transition between two cylindrical structures [84]. We plot the conditional
pdf of the shape factor in Fig. 4.8 for varying turbulence intensities. For nearly planar interfaces in a non-
reacting flow and a subcritical flame; i.e.; irrespective of density variation in the flow field, Figs. 4.8a-b
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Figure 4.8: Comparison of the shape factor of a sub/supercritical flame with a passive interface in a turbulent
flow
show that the interface is locally cylindrically curved. Moreover, the primary impact of thermal expansion
comes through the DL instability in Fig. 4.8c, which for low turbulence intensities u′/S
L
= 0.1 exhibits a
greater tendency to form locally spherical structures due to the presence of highly curved regions in the
form of ridges. The weakening and transition of the bimodal pdf for a supercritical flame into a distribution
similar to that of a passive interface/ subcritical flame with a peak around 0 in Fig. 4.8d, enforces the idea
presented above that with increasing turbulence intensity, the local fluctuations in the velocity field begin
to dominate the inherent instability present in the flame (atleast in terms of surface topology). And so, it is
possible that at sufficiently large intensities, it might not longer be possible to distinguish between the flame
topologies of sub/supercritical flames. These observations also tend to support results from previous studies
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of two-dimensional unsteady stretched flames which show flame-vortex interactions as local simplifications
of three-dimensional flows [85, 86].
4.2 Turbulent flame speed
The turbulent flame speed, defined as the mean propagation speed of a premixed flame into a turbulent
gaseous mixture with zero mean velocity is a very important quantity characterizing premixed flame com-
bustion. As described in Section 2.5, the flame is held statistically stationary at a user-specified location
using a closed loop control system that modulates the mean inflow velocity of the incoming turbulent field.
Fig. 4.9a shows the schematic of such a flame with a mean area Af held stationary in a coordinate system
moving with the mean flame position. The mean inflow velocity of the controller over a large time interval
in Fig. 4.9b is used to define the turbulent flame speed, S
T
/S
L
. We have previously seen that for a premixed
flame, the speed of propagation is not dictated solely by an increase in the relative area of the flame with
respect to the incoming flow. In fact, since flames (even under laminar conditions) do not propagate at a
constant local flame speed, the reduction of the flame speed as a results of local stretch effects (eq. 2.5)
needs to be taken into account while developing scaling laws for the turbulent flame speed. Work previously
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Figure 4.9: Schematic of a) premixed flame for a turbulent inflow, b) mean inflow speed of the controller for
σ = 5, M−1 = 50, u′/S
L
= 1.0.
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done for two-dimensional flows in the hydrodynamic limit [23, 87, 55, 56] has shown the propagation speed
to be dependent on a range of parameters from the Markstein number (which dictates the strength of the DL
instability) and turbulent flow parameters (u′/S
L
, `/L) to the thermal expansion ratio (σ). In the present
section, we extend this idea to investigate the effect of variations of local stretch rate on the turbulent flame
speed and the role DL instability plays in flame propagation.
Shown in Fig.4.10 are the variations of the turbulent flame speed and the mean flame surface area for
different values of the Markstein number, with M−1 = 50, 75.2 for supercritical flames and M−1 = 22.7 for
a subcritical flame. The mean surface area Af has been normalized by the area of the incoming turbulent
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flow A; i.e.; the surface of the transverse cross-section of our domain. We see in Fig.4.10a that increasing
turbulence intensity not only increases the speed of propagation of a turbulent flame, but there is a significant
enhancement in the speed at the any value of u′/S
L
due to the presence of the DL instability. This jump in
speed, to be called as the DL enhancement, increases the turbulent flame speed by 30-50% for a supercritical
flame. Comparing this at very low turbulence intensities u′/S
L
< 0.1, the contribution of the instability is
even more apparent since under these conditions, the flame is mostly laminar with very weak perturbations
from the background turbulent flow. Further, Fig.4.10b shows that for all the positive Markstein numbers
considered, there is a reduction in the turbulent flame speed, S
T
/S
L
< Af/A at all turbulent intensities.
Similar observations for spherically expanding flames were also made by Weiß et. al. [88] with the S
T
/S
L
always lesser/greater for positive/negative Markstein numbers. Another study by Daniele et. al. [89] for
mixtures ranging from pure methane to syngas blends with negative Markstein numbers also saw a similar
deviation in S
T
/S
L
from the area ratio. In a series of experiments by Bagdanavicius et. al. [90] for a range
of fuels with positive Markstein numbers, two different setups, a spherical bomb and high speed burner,
were used to calculate the turbulent flame speed as a function of a Karlovitz stretch rate factor. They also
reported an increase in the area ratio Af/A much faster that that of the turbulent flame speed.
It is important to compare the impact of the DL instability on flame area and turbulent speed with
the flame topology plots shown in the previous section. For example, in Fig. 4.8, it was shown that even
at moderate intensities u′/S
L
= 1.0, the local surface conformations for both sub/supercritical flames were
cylindrical, indicating that atleast from the perspective of the local flame topology, the turbulent flow is able
to overshadow the characteristic difference from the DL instability. But despite that, we observe that there
is a very significant difference in both the turbulent flame speed as well as mean surface area of the flame
under the same conditions. As a results, when dealing with turbulent flames, it is important to identify
different methods of characterizing the presence of the instability in the flame, unlike for a laminar flow
in which there is an obvious difference between the topology and behavior of the flame for all Markstein
numbers.
To investigate this further, we calculate the average local flame S
f
, which from the flame speed relation
(eq. 2.5) can also be written as, S
f
/S
L
= 1 −MK. Fig. 4.11 shows the variation of the mean flame speed
as a function of u′/S
L
. For a subcritical flame at M−1 = 22.7, the mean flame speed at low intensities
tends to unity with a zero mean stretch, since the flame becomes nearly planar, propagating at a constant
speed S
L
. As the turbulence intensity increases, increase in the local stretch rate reduces the speed of the
flame, an observation also made by Joulin [91] using a linear response model of a constant density flame
for time-dependent curvature and stretch rate variations. On the other hand, since a supercritical flame is
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Figure 4.11: Variation of S
f
/S
L
and K with increasing values of u′/S
L
for a range of Markstein numbers.
sufficiently stretched even under laminar conditions due to the DL enhancement, therefore its mean flame
speed at low intensities u′/S
L
< 0.5 is lesser than the subcritical case. A DNS study by Chen and Im
[92, 70, 93] showed a similar reduction in the mean flame speed with turbulence intensity, but concluded
that for high turbulence intensities, the reduction in the eddy turnover time causes the response rate of the
flame to slow down for perturbations in the background flow. As a result, the rate of reduction of S
f
/S
L
begins to reduce. Further simulations in the moderate-to-high turbulence intensity range will be done in the
future to corroborate this observation.
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Figure 4.12: Comparison of relative contributions of mean flame strain Ks and mean surface curvature κ for
two cases of Markstein number at σ = 5.
The mean flame stretch is composed of two components, mean strain rate at the flame surface and the
mean curvature of the flame,
K = Ks + κ.
In most studies of modeling the contribution of strain and curvature to flame stretch, the importance of the
mean strain to the flame is often neglected [94]. However, shown in Fig. 4.12 is the relative comparison of the
contribution of mean strain rate and flame surface curvature to mean flame stretch for a sub/supercritical
flame, which highlights two points. First, irrespective of the presence of the DL instability, the primary
increase in the stretch rate comes from the strain rate experienced by the flame surface due to perturbations
in the flow field. Second, similar to before, the DL instability is responsible for enhancing K due to an
increase in Ks. Such observations have been reported in literature from experimental measurements of
Filatyev [48] for bunsen flames and the two-dimensional DNS study of Im and Chen [95] for H2-air flames.
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Chapter 5
Effect of premixed flames on the
turbulent flow field
In the previous chapter, results were presented to highlight the influences of the turbulent flow field on
flame propagation. However, since combustion processes involve a large amount of heat release, around
five-to-eight folds, the large density and velocity gradients created across the flame can significantly modify
the induced flow field around it. Highlighting and investigating these changes due to flame-turbulence
interactions is the primary objective of this chapter. As the presence of the Darrieus-Landau instability can
further modify flame behavior, therefore results below will be discussed for a passive interface in a constant
density flow (also referred to as a non-reacting flow), a subcritical flame in the absence of the DL instability
and a supercritical flame under the influence of the DL instability. All probability distribution functions
have been run for σ = 5, `/l = 0.1 and averaged over 600-1000 realizations once a statistical steady state is
reached.
5.1 Vorticity budgets
The effect of a premixed flame on the flow field is best illustrated by examining the evolution of the vorticity
vector, ω (see appendix A.2),
∂ω
∂t
+ (v · ∇)ω = (ω · ∇v)︸ ︷︷ ︸
ω·S
−ω (∇ · v) + 1
ρ2
(∇ρ×∇p) + 1Re∇
2ω (5.1)
where, S is the strain rate tensor. The first term on the right hand side of eq. (5.1) is vortex stretching, a
source of vorticity production in the domain and only present for three-dimensional flows. It highlights the
dynamics between the vorticity vector and strain rate tensor. The second represents variable density effects
and is a source of vorticity destruction across the flame due to volumetric gas expansion; i.e.; spreading of
vorticity per unit volume across a greater region in the burned gas. The third term, known as baroclinic
torque also accounts of density changes in the domain and generates additional vorticity across the flame due
to misalignment between the pressure gradient and the flame surface normal
(
n = ∇ρ|∇ρ|
)
. Therefore, any
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changes in the flame topology are expected to surface in the baroclinic torque. The last term in the above
equation is vorticity destruction due to viscous dissipation which is essentially very small due to conditions
of inviscid flow being simulated in the present work and so will be neglected from hereon. To quantify
the effect of each term in eq. (5.1), it is beneficial to look at the transport equation for the magnitude of
vorticity, ω = √ωiωi (see appendix A.2),
∂ω
∂t
+ (v · ∇)ω = (ω · ∇v · ωˆ)︸ ︷︷ ︸
ω·S·ωˆ
−ω (∇ · v) + ωˆ
ρ2
· (∇ρ×∇p) + 1Re∇
2ω. (5.2)
The notation ωˆ = ω/ω is used to represent the normalized unit vorticity vector. Figs. 5.1-5.3 show the
vorticity budgets averaged along the x-z plane for each location along the axial flow direction (y-axis). Each
curve has been averaged over a large number of realizations once a statistical steady state is reached to
create the vorticity budget.
For a subcritical flame, Fig. 5.1 shows the vorticity budget for increasing turbulence intensities and
contrasts it with a passive interface, where the dashed curve represents the statistical mean flame position
provided to the PID controller. We see in Fig. 5.1a that dilation acts as a source of vorticity destruction
for variable density flows and is absent for its non-reacting counterpart (due to constant density flow). As
the turbulence strengthens, the amount of vorticity contained in an unit volume of gas is spread over a
larger volume due to gas expansion as it passes through the flame, leading to a larger suppression of ω.
Further, since the flow is incompressible everywhere except near the flame, the sphere of influence of the
dilation term is limited to the flame brush region. The vortex stretching term in Fig. 5.1b on the other hand,
accounts for the work done by stresses in the flow field to stretch the vorticity vector across and thus acts
as a production term for ω. The sudden increase in its contribution as the flow passes through the flame as
opposed to a passive interface will be investigated in the next section by studying the alignments between
the unit vorticity vector and strain rate tensor. The baroclinic torque in Fig. 5.1c is limited to the flame
brush region also acts to increase the vorticity. The growing fluctuations with larger turbulence intensities,
increase the misalignment of the flame surface normal with the unit vorticity vector and therefore cause the
baroclinic torque contribution to grow. A combined effect of each of these terms is seen in the magnitude of
the vorticity vector in Fig. 5.1d. For a passive interface, since there is no contribution from the dilatation or
baroclinic torque terms, the vorticity is present only due to the inherent vortex stretching in the background
turbulence which reduces as the flow gets advected downstream primarily due to viscous dissipation. A
subcritical flame on the other hand, is dominated by the balance between destruction of vorticity by gas
expansion and its creation primarily due to vortex stretching. Therefore, for the low-to-moderate intensities
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u′/S
L
<= 1.5 presented here, the overall vorticity reduces sharply as the turbulence passes through the
flame region as a result of dilation. Similar observations about the reduction in vorticity due to volumetric
expansion were also made by Hamlington et al. [81] in their DNS study of H2-air turbulent flames for high
Karlovitz numbers over a wide range of turbulence intensities u′/S
L
= 2.45 − 30.6. They also observed a
relative increase in the magnitude of vorticity in the burned gas with increasing turbulence intensities.
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Figure 5.1: Vorticity budgets in the axial direction for a subcritical flame (σ = 5,M−1 = 22.7) in a turbulent
flow. The curve with ‘NR’ (blue curve) is the corresponding term for a passive interface in a non-reacting
flow. The dashed curve shows the mean flame position provided as an input to the closed loop control
system.
The effect of a supercritical flame on the vorticity in shown in Fig. 5.2 and compared to a passive
interface. Similar to the subcritical case, the increase in gas velocity across the flame decreases the vorticity
per unit volume in a unit cell of fluid. The larger width of the mean dilatation term and its skewness to
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Figure 5.2: Vorticity budgets in the axial direction for a supercritical flame (σ = 5, M−1 = 75.2) in a
turbulent flow. The curve with ‘NR’ (blue curve) is the corresponding term for a passive interface in a
non-reacting flow. The dashed curve shows the mean flame position provided as an input to the closed loop
control system.
the burnt side Fig. 5.2a is a direct consequence of the larger flame brush thickness due to the DL instability
and the resulting cusp/ridges which point towards to the burnt gas, shown previously in Fig. 4.3. Now, a
stronger turbulence flow field leads to greater work done on the vorticity vector because of its fluctuating
components and thus increases the vorticity due to vortex stretching across the flame. This will again be
explored further in next section. Contrary to a subcritical flame, the presence of the DL instability in the
flame can create specific topological changes to its surface, which have been discussed previously, and so are
expected to manifest most strongly in the baroclinic torque. As Fig. 5.2c shows, the strong crests and wide
troughs of the flame can create large misalignments between the surface normal and pressure gradient. Thus
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in regions where the flame is present, the misalignment increases the vorticity due to the baroclinic torque.
As a result of this significantly large contribution further enhanced by vortex stretching, the vorticity across
a supercritical flame increases sharply. This effect is seen very clearly for low intensity values u′/S
L
= 0.1,
but gets harder to distinguish for larger values as the strengthening background turbulence diminishes the
presence of a flame.
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Figure 5.3: Vorticity budgets in the axial direction for a sub/supercritical flame in a turbulent flow. The
curve with ‘NR’ (blue curve) is the corresponding term for a passive interface in a non-reacting flow. The
dashed curve shows the mean flame position provided as an input to the closed loop control system.
To highlight the impact of the DL instability more clearly, Fig. 5.3 shows each term of the vorticity
transport equation for a passive interface and sub/supercritical flames at the same turbulence intensity,
u′/S
L
= 1. The primary difference is seen in the contribution of the baroclinic torque in Fig. 5.3c, where
55
Figure 5.4: Representative snapshot of a turbulent flame (grey surface) for a passive interface at u′/S
L
= 1.0.
The turbulent flow is illustrated by isosurfaces of the Qcrit = 50.
the larger topological changes created by the DL instability on a flame surface, generate a much greater
baroclinic torque for a supercritical flame. With regards to the dilatation and vortex stretching components,
the main effect of the DL instability is to widen the region of impact gas expansion (across the flame) has in
the domain. Thus, as Fig. 5.3d shows, the vorticity in the burned gas region is much higher for a supercritical
flame than in the absence of the instability. However, it is also important to note that in both the cases, the
heat release due to a flame prevents the vorticity in the burned region near the flame to decay as quickly as
that for a passive interface in a constant density flow.
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Figure 5.5: Representative snapshot of a turbulent flame (grey surface) for a supercritical flame withM−1 =
50, σ = 5 and u′/S
L
= 1.5. The turbulent flow is illustrated by isosurfaces of the Qcrit = 100.
5.2 Vorticity restructuring
One of the methods of visualizing vorticity structures in the flow field is to plot the isosurfaces of the Q-
criterion, which physically represent regions of intense vorticity in the flame [72, 73, 96]. One such instant for
a non-reacting flow is shown in Fig. 5.4, for u′/S
L
= 1.0 and Qcrit = 50. We see that the vorticity structures
visually appear to be isotropic and are unaffected by the presence of the interface since it is passive. However,
contrasting this with Fig. 5.5 which shows the isosurfaces Qcrit = 100 for a supercritical flame at u′/SL = 1.5,
it is clear that the presence of a flame has a significant impact on the vortical structures in the flow field.
The vortical structures seems to get elongated preferentially along the axial direction as they pass through
the flame. This indicates that the flame is responsible creating anisotropy in the burned gas. These tube-like
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structures have also been observed in prior studies for a wide range of flows [97, 98, 99]. Tanahashi et. al.
[100] observed similar anisotropy in a DNS study of H2-air flames at low turbulence intensities. Hamlington
et. al. [81] reported anisotropy in the burned gas at low intensities, and also showed a diminishing affect
of the presence of a flame on anisotropy at very values of intensity u′/S
L
= 30.6, with the flow remaining
nearly isotropic as it passed through the flame brush in such cases.
We examine this anisotropy due to a flame by plotting the pdf’s of |ωˆi| for a subcritical flame and
contrast it with a passive interface. Figs. 5.6 a,c,e show the pdf of each component of the unit vorticity
vector conditioned on the unburned gas region at y = 0.5. It is clear that the flame which is statistically
situated at y = 1.5, doesn’t have any impact on the flow field in this region and therefore all pdf’s for the
passive interface as well as subcritical flame behave similarly and have a uniform distribution. This indicates
even though the mean flow is in the axial direction, the turbulent flow field is isotropic. However, when the
pdf of |ωˆi| is conditioned on the flame surface in Figs. 5.6 b,d,f, we instantly see that the subcritical flame
creates anisotropy in the flow as it passes through the flame brush. Moreover, since the pdf’s of both |ωˆx|
and |ωˆz| begin to peak at 0, therefore components of vorticity perpendicular to the flame surface normal get
filtered out. At the same time, the pdf of |ωˆy| starts to peak at 1, indicating that the vorticity vector gets
restructured such that it is oriented parallel to the flame surface. The extent of anisotropy created at the
flame surface reduces as the turbulence strengthens with each pdf of |ωˆi| beginning to tend slightly towards
that of a passive interface. This requires additional simulations for larger values of the turbulence intensity,
which will be done in the future.
Similar behavior is also seen in the pdf’s of |ωˆi| for a supercritical flame in Fig. 5.7. When conditioned
in the unburned gas at y = 0.5, the flow field is isotropic and unaffected by the presence of a flame in the
domain. However, as the turbulent flow passes through the flame, the flow becomes highly anisotropic. The
supercritical flame also acts as a vorticity filter, restructuring the vorticity vector such that it is primarily
oriented in the axial direction parallel to the flame surface normal. Increasing the turbulent intensity for
supercritical flame doesn’t seem to immediately reduce the anisotropy in the flow. But, since the current
simulations were only run for low-to-moderate turbulence intensities, it is possible that further increasing
the intensity could reduce the anisotropy in the burned gas [81].
In summary, Figs. 5.6 & 5.7 show that the primary mechanism of anisotropy generation in the burned
gas is thermal expansion. The restructuring of the vorticity vector could be also thought of as a result of the
Rankine-Hugoniot relations (see eq. 2.4), which dictate that thermal expansion create a large increase in
gas velocity along the normal to the flame surface with minimal effect on the transverse components. This
could also explain why the DL instability seems to have a minimal impact on the restructuring of vorticity,
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Figure 5.6: Orientation of the unit vorticity vector for a turbulent subcritical flame conditioned on the
unburnt region and the flame surface for σ = 5 and M−1 = 22.7. The curve with ‘NR’ (blue curve) is the
corresponding term for a passive interface in a non-reacting flow.
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Figure 5.7: Orientation of the unit vorticity vector for a turbulent supercritical flame conditioned on the
unburnt region and the flame surface for σ = 5 and M−1 = 75.2. The curve with ‘NR’ (blue curve) is the
corresponding term for a passive interface in a non-reacting flow.
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though supercritical flames might require a stronger turbulent flow to reduce the amount of anisotropy in
the burned gas region. But, this requires further investigation that is beyond the scope of the current work.
5.3 Dynamics of strain rate and vorticity
When looking at the vorticity budgets, both sub/supercritical flames exhibit a sudden increase through
vortex stretching across the flame brush. This production term in eq. (5.1), (ω · ∇v · ωˆ) is responsible for
the creating of small-scale structures and transfer of energy from the larger to smaller scales in a turbulent
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Figure 5.8: Eigenvalues of the strain rate tensor for a turbulent supercritical flame conditioned on the flame
surface for σ = 5 and M−1 = 75.2.
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flow [101]. Using an eigen decomposition method, the vortex stretching term can be recast as
ωˆiωjSij = ω
(
λ1|e1 · ωˆ|2 + λ2|e2 · ωˆ|2 + λ3|e3 · ωˆ|2
)
, (5.3)
where λi are the eigenvalues of the strain rate tensor S such that λ1 > λ2 > λ3 and ei the corresponding
eigenvectors. The above equation highlights the relative importance, alignments between the unit vorticity
vector and eigenvectors of the strain rate tensor play in the creation of vorticity in the flow. In physical terms,
the principle strain rates of S identify the nature of stresses in the flow field, namely positive eigenvalues
represent extensive/tensile stresses, which have a tendency to pull isosurfaces apart, reducing any gradients
present locally. While negative eigenvalues have compressive eigenvectors which promote production of gra-
dients. Shown in Fig. 5.8 are pdf’s of eigenvalues of a supercritical flame (M−1 = 75.2). For incompressible
flows, continuity equation requires λ1 + λ2 + λ3 = 0, which is only true in the present case in regions far
away from the flame brush. Since the eigenvalues are arranged in a decreasing order, λ1 > 0 and λ3 < 0,
making λ1 extensive in nature and λ3 compressive. The nature of λ2 depends upon the sign it takes and
as seen in the present case in Fig. 5.8b, its biased towards positive values resulting in the overall extensive
nature of the eigenvector e2. Fig. 5.9 shows the eigenvalue distribution conditioned on the unburned and
burned regions and apart from the decrease in the range of values each eigenvalue takes downstream of the
flame (due to an overall dissipation of the turbulent fluctuations along the axial direction), e1 and e2 remain
extensive and e3 compressive. The figures in the current section have only been presented for supercritical
flames noting that subcritical flames also exhibit similar dynamics between the vorticity vector and strain
rate tensor and therefore have been omitted for conciseness.
Relative alignments between ω and S play an important role in explaining the mechanism of vortex
stretching in eq. (5.3). Fig. 5.10 shows the conditional pdf’s of |ei · ωˆ| on the flame surface for a passive
interface and a supercritical flame. The dynamics of ω and ei show an increasing preferential alignment of
the vorticity vector with the intermediate extensive eigenvector e2 and misalignment with the compressive
eigenvector e3 with turbulence intensity. The strong preferential alignment of |e2 · ωˆ| was first observed
by Ashurst et. al. [102] in a DNS study of non-reacting, isotropic homogeneous, sheared turbulence and
subsequently in experiments by Tsinober et. al. [103] using hot-wire measurements. Similar observations
have also been reported for other non-reacting [104, 105, 106] and non-premixed turbulent flows [36, 37].
Work has also been done to understand why the vorticity vector aligns most strong with e2 instead of the
most extensive eigenvector e1 [107, 102, 104]. In a more recent DNS study by Hamlington et. al. [108], the
turbulent fluctuations were decomposed into local and nonlocal strain rate components based on an estimate
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Figure 5.9: Comparison of the eigenvalues of strain rate tensor for a turbulent supercritical flame conditioned
on the unburnt and burnt regions of the domain for σ = 5 and M−1 = 75.2.
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of the local size of intense vortices to show that though the vorticity vector aligns with the intermediate
eigenvector of the total strain rate, the nonlocal strain rate for the uncorrelated background turbulence
actually aligns with the most extensive eigenvector e1. It was therefore suggested that the alignment of
|e2 · ωˆ| is primarily due to contributions of the local self-induced strain field.
We next examine each term of the decomposed vortex stretching in eq. (5.3) conditioned on a turbulent
passive interface and supercritical flame. Fig.5.11 clearly shows that though the vortex stretching mechanism
is responsible vorticity production, however there is a balance between creation of vorticity by alignment
of the extensive stresses (e1 & e2) along the vorticity vector ωˆ to pull or stretch them apart; and the
complimentary destruction of vorticity through compressive stresses e3. But, as this figure also shows, it
is the extensive processes that dominate this balance, thereby allowing vortex stretching to overall become
a production mechanism for vorticity, independent of the presence of a flame in the domain. The primary
impact of a reacting flow is shown in Fig. 5.12 where the variation of λi|ei · ωˆ|2 averaged in the transverse
x-z plane is plotted along the axial y-direction. Unlike the previous figures shown in this section, Fig. 5.12
shows the components of vortex stretching for both sub/supercritical flames and contrasts it with a passive
interface in a constant density flow (blue curve). We have previously shown in sec. 5.2, that the vorticity
vector gets restructured to align with the axial direction as it passes through the flame. This restructuring
is thus reflected here in the significant enhancement of extensive stresses across the flame, creating a sudden
jump in vorticity in the flame brush. Since, the realignment of the vorticity vector is minimally impacted
by the presence of DL instability, therefore we conclude that thermal expansion is the primary reason for
the observed increase in vortex stretching.
5.4 Role of turbulence in scalar stretching
The interaction of turbulence and chemical reactions is of great importance in combustion, specifically in
developing closure models for chemical reaction terms due to its non-linear dependence on temperature and
species concentrations. The interaction of turbulence and scalar surfaces has been the subject of a number
of studies for non-reacting flows [109, 110, 107, 111, 112] as well as reacting flows [113, 114, 115] with no
effect of thermal expansion on the flow field. In most studies, the temperature field or mass fraction of a
reacting species is chosen to study the dynamics of these scalar gradients. However, since in the current
study all effects of species and temperature transport have been incorporated into the flame speed relation
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(eq. 2.5), therefore we choose the flame surface normal vector,
n = ∇ψ|∇ψ|
∣∣∣∣∣
ψ=0
= − ∇ρ|∇ρ|
∣∣∣∣∣
ψ=0
to represent the normalized scalar gradients present in the flame region. A transport equation for the scalar
gradient obtained from the species equation of the deficient reactant [11] can be written as,
∂χ
∂t
+ u · ∇χ = −χ · S − (χ× ω) +∇
(
−w + 1
ρ Le∇ · χ
)
(5.4)
where, χ(≡ ∇ρ) = −n|∇ρ| is the un-normalized scalar gradient vector. The first term on the right hand
side of eq. (5.4) shows the interaction of the stresses in the turbulent flow with the scalar gradients. This
term, sometimes also known as scalar stretching can be rewritten using an eigen decomposition method
− ninjSij = −|∇ρ|
(
λ1|e1 · n|2 + λ2|e2 · n|2 + λ3|e3 · n|2
)
. (5.5)
The negative sign in the above equation is left to stress the difference between the behavior of scalar and
vortex stretching, which appears with a positive sign in the vorticity transport equation, as will be explained
below.
Similar to vortex stretching, alignments between the flame surface normal n and strain rate tensor S
play an important role in the creation/destruction of scalar gradients by turbulent fluctuations. Fig. 5.13
shows distributions of the eigenvalues of strain rate tensor for a turbulent passive interface and supercritical
flame for low-to-moderate intensities. As expected, positive eigenvectors e1 & e2 represent extensive stresses
while the negative eigenvector e3 compressive stresses in the flow field for both cases. The heat release from
the flame is important in modifying local flow dynamics as the coupling between local density variations,
velocity fluctuations and scalar mixing can modify scalar gradient alignments. This is seen in Fig. 5.15
through the conditional pdf’s of |ei ·n| on the flame surface for a passive interface and a supercritical flame.
The dynamics of n and ei show an increasing preferential alignment of the surface normal vector (or scalar
gradient) with the compressive eigenvector e3 and misalignment with the extensive eigenvectors e1 & e2
with increasing turbulence intensity for a passive interface. On the other hand, a supercritical flame exhibits
complete opposite trends with a favorable alignment with the extensive component e1 and misalignment
with the compressive eigenvector e3. This is very important because it shows that in constant-density or
passive interfacial flows, the stresses in the turbulent flow tend to compress scalar gradients and thereby
promote mixing, whereas reacting flows tend to pull apart the isosurfaces by aligning with the extensive
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eigenvectors.
To further highlight this idea, we show the contribution of each term of the decomposed scalar stretching
in eq. (5.5) for a passive interface and supercritical flame in Fig.5.15. We see that for a non-reacting flow,
contribution from the compressive eigenvector λ3|e3 · n|2 dominates the scalar stretching term, but has a
negative magnitude as λ3 < 0. Since the scalar stretching term also appears with a negative sign in its
transport equation eq. (5.4), therefore the overall contribution is to behave as a production mechanism
for the scalar gradient. This behavior is reversed for a supercritical flame where the extensive eigenvector
λ1|e1 ·n|2 dominates the scalar stretching term. But, due to its positive magnitude, turbulent stresses in the
flow destroy scalar gradients in the flow field by pulling apart all scalar isosurfaces. Similar observations have
also been made previously for a number of premixed combustion studies [41, 116, 117]. This highlights a key
idea that in non-reacting flows, since there is no chemical reaction to enhance scalar mixing, the turbulent
flow field compresses the scalar gradients thereby locally promoting mixing. However, for a reacting flow a
balance between creating of these gradients by the chemical reaction term in eq. (5.4) and their destruction
by pulling apart of scalar isosurfaces by extensive stresses in the flow field dictates local mixing and extinction
criteria in a flame. This is particularly important in LES studies when trying to model closure terms for the
species transport equation.
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Figure 5.10: Alignment of the eigenvectors of the strain rate tensor with vorticity of a turbulent passive
interface and supercritical flame (σ = 5 and M−1 = 75.2).
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Figure 5.11: Components of vortex stretching (eq. 5.3) conditioned on the surface of a turbulent passive
interface and supercritical flame (σ = 5 and M−1 = 75.2).
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Figure 5.12: Components of vortex stretching (eq. 5.3) conditioned on the surface of a sub/supercritical
flame (σ = 5 and M−1 = 22.7, 75.2). The curve with ‘NR’ (blue curve) is the corresponding term for a
passive interface in a non-reacting flow.
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Figure 5.13: Comparison of the eigenvalues of strain rate tensor conditioned on the surface of a turbulent
passive interface and supercritical flame (σ = 5 and M−1 = 75.2).
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Figure 5.14: Alignment of the eigenvectors of the strain rate tensor with vorticity of a turbulent passive
interface and supercritical flame (σ = 5 and M−1 = 75.2).
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Figure 5.15: Components of vortex stretching (eq. 5.5) conditioned on the surface of a turbulent passive
interface and supercritical flame (σ = 5 and M−1 = 75.2).
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Chapter 6
Conclusions
Darrieus and Landau concluded in their seminal work that planar flames are unstable. The instability is
due to gas expansion resulting from the heat released during combustion, which tends to induce velocities
that amplify omnipresent disturbances. The implication is that flames that are too flat are not preferred
in nature, and the inference was that the instability therefore leads to turbulent flames. Earlier studies
addressing the nonlinear flame behavior were limited to weak thermal expansion and/or two-dimensional
flows. In this work, we addressed the realistic three-dimensional flow problem and show that beyond the
initial development that follows the Darrieus-Landau growth rate, disturbances along the flame surface tend
to merge into larger and larger cells, eventually forming a single structure with sharp crests pointing towards
the burned gas and ridges or creases along the wide troughs. These structures, of significantly larger surface
area, propagate at speeds 40% faster than planar flames. This behavior is modulated by a single parameter -
the ratio of the domain size to the Markstein length, which when increased, forms taller flames with sharper
peaks propagating faster.
When these hydrodynamically unstable flames are subjected to a homogeneous isotropic turbulent flow
field, several interesting features arise. But, since the identification of the DL instability is not straightforward
for turbulent flames, different methods of flame classification need to be used, one of which is flame topology
that develops very differently in presence of the instability. While subcritical flames remain nearly planar
with a zero mean curvature at low turbulence intensities, supercritical flames exhibit a higher tendency to fold
and form multivalued conformations. With increasing values of turbulence intensity, the local perturbations
in both cases give rise to cylindrical structures even in 3D, reminiscent of two-dimensional flame-vortex
interactions. Probability distribution functions of the flame surface normal are used to quantify this amount
of wrinkling of the flame surface. We show that as the turbulence strengthens, flame topology alone may
not be sufficient in distinguishing between sub/supercritical flames.
Further, vorticity budgets along the mean flow direction show that the primary effect of the DL instability
is in generating baroclinic torque in the flame brush region due to a greater tendency of misalignment between
density and pressure gradients as a result of their highly stretched cusp/ridges. Studies in literature [81]
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have previously shown large amounts of anisotropy generated in the burned gas region. We see that this is
primarily a result of thermal expansion; the sudden increase in gas velocity along normal to the flame surface
filters out transverse vorticity components and restructures such that the vorticity vector is preferentially
stretched only along the direction of mean flame propagation. Alignment statistics between the strain rate
tensor, vorticity vector and the flame surface normal further strengthen this observation and explain the
origin of vortex stretching as the dominance of extensive stresses in the flow field which tend to pull or
stretch apart vortical structures. The same extensional stresses are also shown to reduce scalar gradients in
the domain which for reacting flows in balanced by the chemical reaction term [41]. From this statistical
description, we show that though it might not be possible to differentiate the presence of the DL instability
based on flame topology, its impact is still significantly present when we analyze vorticity budgets across the
flame. This observation is also true for propagation speeds of these flames. The significant increase in the
local flame stretch of an unstable flame shows up in the turbulent flame speed, which can propagate 30-40%
faster than subcritical flames.
6.1 Future direction
There are different avenues that one can pursue from here. First, study into the energy backscatter due to
combustion has always been of interest to the LES modeling community [42]. It would be of great relevance
to examine this backscatter in the presence of the DL instability and to examine the modification of the
scales at which is occurs to the instability. A different possibility is also in running similar simulations for
a much larger parametric space of Markstein numbers, integral scales, turbulence intensities, to name of
few, for extending the present analysis and to come up with scaling laws for the turbulent flame speed as
a function of these variables. Though for the present simulations a simplified setup of a periodic box was
chosen to fundamentally examine flame-turbulence interactions, more practical scenarios like Bunsen flames,
spherically propagating flames etc. would also be very relevant to the study of premixed turbulent flames.
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Appendix A
Surface parametrization and vorticity
transport
A.1 Parameterization of flame surface in intrinsic coordinates
x
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Figure A.1: Flame surface in curvilinear coordinates
Interpolating the gas velocities from the Cartesian mesh onto the Lagrangian mesh requires parametriza-
tion of the flame surface in terms of the curvilinear normal, tangential and binormal unit vectors, n, tˆ and b.
This is achieved by converting every point on the interface into a local spherical coordinate system as shown
in Fig. A.1. Since, the components of the normal unit vector, n in the Cartesian coordinate system can
be estimated using the level-set function as n = ∇ψ/|∇ψ|, therefore the corresponding polar and azimuth
angles of this spherical coordinate system can then be calculated as,
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θ = cos−1 (ny)
φ = sin−1
(
nx
sin(θ)
)
= cos−1
(
nz
sin(θ)
)
.
(A.1)
The radial distance in the transformed coordinate system is simply unity due to n being a unit vector,√
n2x + n2y + n2z = 1. With the evaluation of these angles, the Cartesian components of the tangent and
binormal vectors can be now easily calculated from the equivalent spherical coordinate system as,
tx =
(
nx
|nx|
)
|cos(θ)sin(φ)|
ty =
(−ny
|ny|
)
|sin(θ)|
tz =
(
nz
|nz|
)
|cos(θ)cos(φ)|
bx = −cos(φ)
by = 0
bz = sin(φ).
(A.2)
With this information, eq. (2.11) can then be solved to get the individual velocity components of the
interpolated velocity field v∗ on each Lagrangian mesh point x∗.
A.2 Evolution of vorticity
The transport equation for vorticity can be derived by starting from the incompressible, low Mach number
Navier-Stokes assuming constant transport properties,
ρ
(
∂v
∂t
+ v · ∇v
)
= −∇p+ 1Re∇
2v (A.3)
where, Re is the Reynolds number of the flow. Taking the curl of the above equation,
∂ω
∂t
+∇× (v · ∇v) = −∇×
(
1
ρ
∇p
)
+ 1Re∇
2ω (A.4)
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The symbol ω = ∇× v is the vorticity vector. Using the identities,
v · ∇v = 12∇
2v− v× ω
∇× (v · ∇v) =
1
2∇×∇
(
v2
)−∇× (v× ω) = −ω (∇ · v) + (ω · ∇) v− (v · ∇)ω
∇×
(
1
ρ
∇p
)
=


1
ρ
(∇×∇p)− 1
ρ2
(∇ρ×∇p)
the final transport equation for the vorticity vector is,
∂ω
∂t
+ (v · ∇)ω = (ω · ∇v)− ω (∇ · v) + 1
ρ2
(∇ρ×∇p) + 1Re∇
2ω (A.5)
To quantify the effect of each term in the vorticity equation, it is beneficial to also look at the transport
equation for the magnitude of vorticity ω = √ωiωi. This is done by taking the dot product of eq. (A.5)
with the unit vorticity vector ωˆ = ω/ω,
∂ω
∂t
+ (v · ∇)ω = (ω · ∇v · ωˆ)︸ ︷︷ ︸
ω·S·ωˆ
−ω (∇ · v) + ωˆ
ρ2
· (∇ρ×∇p) + 1Re∇
2ω. (A.6)
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